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Abstract

Let (T,M, u) be a finite positive measure space, X a Banach space, ¢ a modulus
function and f :T — X a strongly measurable function. The Orlicz space is

L9 (1, X) :{f :j¢(\\f(t)\\)dy(t) - OO}The space of Bochner p-integrable functions,
H

l<p<oo I51P(y, X):{f :If(t)pdy(t)<oo}-A|501 L°°(/1,X)={f ‘ess sup Hf(t)H<oo}-
T

When X is a Banach algebra we show that the multipliers M (L?(z, X)) of
L (1, X)is (4 X)if ¢(a)p(b) <g(ab)for all a>1 and b> 0 .Also,

M (L (1, X))=L? (1, X) it ¢(ab) < ¢(a) + ¢(b) for all ab in [0,0)which
generalizes the special case X being the complex numbers C .When (T, M, 1) is also

non-atomic we show that f2 e L?(z, X)forall f e L?(u, X) iff Iimsup¢;((xz)) <o
X—>0 X

2
. X
Moreover, M(L? (1, X))= L¢(,u, X)iff lim sup M<oo when X is commutative.
X—%0 ¢()O
This generalizes the special case T=[0,1] and X=C.
uaila
fiT o> X 5 dai Glhae 8@ 5 5l sload X 5 Lty L ga Ll leliad (T,M, g2) S

L (u, X)) =1 f :Igzﬁ(”f(t)”)dy(t) <ot o oS el i ulE o8
T
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LX) L**"Lp(u,><)={frff(t)"dy(t)mo} p ISP Lue my el
T
telT

s azl Jug@)plb) <glab) Lse L”(1,X) oL (1, X) J M(L (1, X))
Sbsa o pab) < @g(a)+ g(b) wae L? (1, X) =M (L (11, X)) s .b>0
O laxie .C oAkl Jae¥l 4 Xl o ) ALl Al laed iy L [0,0)
KF2el’(1,X) o W ol Yo g Lal ssn e bl (T,M,p)

i, 13 M (L (1, X)) =L X) s, lim sup%mo 19 ki 13 F el (1 X)
#(x*)

X—>00

. T=[0,1] 5 X=C dalall all Loext iiny 13 5 Ll X wsgumlimsupmmo 13
X

1. Introduction

If ¢ is a strictly increasing continuous subadditive function on [0,0) and
satisfies ¢(x)=0if x =0, then we call ¢ a modulus function. Let
(T,M, 1) be a finite positive measure space, i.e., T is a set, M is a
o —algebraand x is a positive measure with (T) <. If X is a Banach
space, then a function s:T — X is called a simple function if its range
contains finitely many distinct points xq,X,,...,Xpand E, =s™({x}),
i=12,...,n are measurable sets. Such a function s can be written as

S= ZXi Xeo where X is the characteristic function of the set E;and
i=1 i i
EiNE;=d,fori=ji,j=12..,n

A function f:T — X is said to be strongly measurable if there exists a
sequence {sp}of simple functions such that lim|s, (t) - f (t)| =0 a.e.
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The Orlicz space LY (1, X) is the set of all strongly measurable functions
f with

I]l, = [0 f @Pdu® <=0
T

If for all f,geL?(u, X) we define d(f,g)=|f —g||¢, then d is a

metric on L¢(y,X)under which it becomes a complete topological

vector space [1,p.70]. For 1< p <o, LP(x, X) will denote the Banach
space of (equivalence classes of) strongly measurable functions f such

that I|| f ()] du(t) < oo. The normin LP (u, X) is given by
T

1

P
Il, —[I nfa)npdﬂa)] |
T

The essentially bounded strongly measurable functions f form the Banach
space L™ (u, X) with norm given by |[f|_ = esssup | f(t)].
teT

If ¢ is the modulus function @#(X)=x°, 0<p<1, then L’ (x, X) is the space
a9 _ 4,

LP(14 X). Since [2,p.159], for any modulus function ¢, lim sup™—-"
X—0 X

it follows that Ll(/,z, X)c L? (1, X) . When X is a Banach algebra (see

[5]) a multiplier of LY (u, X) is a strongly measurable function g: T—> X
such that gf e L (u, X)for all f e L?(u, X). We denote the set of all
multipliers of L? (, X ) by M (L?(u, X)). For X = C, the complex
numbers, M(L?(x,C) = M(L?) were studied in [2]. In this paper we show
that some of the results in [2] still hold for M (L? (x, X)). A measurable
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set A is called an atom if each of its measurable subsets has measure
either 0 or u(A). The measure space (T,M, x) is called non-atomic if it

contains no atoms. In [4,p.122] it is shown that if (T,M, ) is a finite
non-atomic measure space and 0< @<u(T), then there exists a
measurable set E such that x(E) = @. Using this we show that

2
Iimsupmmo iff f2eLl’(u, X)forall fel’(u X)

S g0

when (T,M, u)is a finite positive non-atomic measure space. This
generalizes the main result in [3] where T=[0,1] and X=C.

2. Multipliers of L?(u, X)
Lemma 2.1 Let X be Banach algebra .If ge M(L'(x, X)), then
ge L™ (u, X).

Proof: Suppose that g € M(L'(x, X)). Let f:T — X be given by
f(t)=e forallteT, where e is the unit element of X. Then

f e I'(u, X)and

(g 1l due®) = {1l 92) £ 1) Il dpatt) = of [, <c0.

Hence, ge L™ (i, X).

The next results are generalizations of those in [2]. Without loss of
generality we can assume that ¢ is an unbounded modulus function and
¢ (1)=1. For if ¢ is bounded, then L’ (x, X)is the strongly measurable
functions. Also, if ¢ (1)= 1, then we can replace ¢ byi

#(1)
Theorem 2.2 If ¢(a)p(b) < ¢(ab) for all a>1 andb >0, then
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M (L’ (u, X)) =L (u, X), where X is a Banach algebra.

Proof: Let ge L (1, X) and f e L?(u, X).Choose a natural number n
such that ||g||.,< n. Then since X is a Banach algebra we have

1ot ll,= [ 40l gt) f () due(t) <[l g @ 1 I F(X) at)

IA

[l £ Ddut)

IN

| ||, <o

Thus L®(, X) = M(L? (1, X)). We note that M (L’ (z, X)) < L? (u, X)
since if e is the unit element of X and f(t)=e for all teT ,then
fel’(u X)and gf =ge L (u, X)forall ge M (L’ (x, X)).
Next, for ge M(L’(u, X))and fe L'(u, X)let §(t) = 4(| g(t)])eand
h(t) = ¢ (|| f(t)]]) forall te T . Then
||h|I¢=j||f(t)|Idu(t)=I| flly<eo .
T

Thus, h e L?(u, X)and hence ghel’(1 X). If A={t:||g(t)|| >1}, then
|l of Il,.= Jll Sl g(t) ) F () | dee(t)

=[#Ug@® DIl £ ©) 1l duect) =401l 9@ DAl h(E) IDpe(t)
<[40 9®) DSl hE) Ddze®) + [ 401l 9@ DAl (L) IDee(t)

T\A

< [Ula® 1@ Ddut) + [4(INCE) Du®

T\A

< llghlly +IIhll, <co.
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This shows that §=¢(|gl)eis a multiplier of L'(x, X). Thus
g € L” (i, X) by lemma 2.1. This implies thatg €L (z X)and M(L’ (1 X)) <
L™ (u, X) . Therefore, M (L? (u, X))= L (1, X).

Theorem 2.3 If ¢(ab) < ¢(a) +¢(b) for all a, be[0,:0), then M(L’ (1 X)) =
L? (1, X) where X is a Banach algebra.

Proof: As in theorem 2.1 we have M (L’(u, X)) < L/(u, X). Let
gel?(u X). Then, forall fel’(u X)

Lot Il,= [ ¢l a®) F ) e <[40l g@ 11 F ) dt)
< [@Ua@ 1D +aCN T ®) )det)

=lglly + 1l fl, <
Therefore, g € M (L’ (i, X)) .Thus L’ (i, X) = M(L? (1, X)) .

The following is a generalization of the main result in [3] from the
Lebesgue measure on [0,1]=T and the complex numbers C to a non-
atomic, finite, and positive measure space.

Theorem 2.4 Let (T,M,u)be a finite positive, non-atomic measure
space, and ¢ be a modulus function. Then

2
Iimsup¢(x ) <o iff f2el’(u,X) forall fel?(u X)
X—>00 ¢(X)
where X is a Banach algebra .
2
Proof: Suppose lim sup 2(()()) =o0. Then there exists an increasing
X—0 X
sequence {x,}such that x, >1 and Mm foralln=1,2,3, .... Since

#(%,)
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(T, M, n)is a finite non-atomic measure space by lemma 10.12 [4,p.122]
there exists a sequence {E, }of pairwise disjoint measurable sets such
that

2

T=u, E and u(E,)= (1) forall n=1,2,3,...
#(X,)

n

Define f:T — X by f(t) = inla (t)efor all t €T where e is the unit
i=1
element of X . Then

I, = [of ODdu® =3 [40137, xxe e Ddutt)

n

=3 [0 = Y 90 )u(E) =3 D) <o
Therefore, f e L?(u, X). Moreover,

[£2], = [o(|T2@Pdu =3 [40I (X, *re ) Ddutt

=3 [#0x)du(t)

=S JODHE,) > 3ngix JuE) =3 A =

Thus, f* ¢’ (1, X). Therefore, if f> e L (i, X) forall f e L (u, X), then

Iimsupmmo.

e g(X)

2
Conversely, suppose Iimsup%«n. Then there exist constants M
X—>00 X

and K such that

An-Najah Univ. J. Res., Vol. 15, 2001



8 “On Multipliers of Orlicz Spaces”

#(x°)

L «Mforall x>K.

#(x)

Let fel’(u X)and A={teT: |[f(t)]|<K}.Then since X is a Banach
algebra

[£2], = Jo(|f 2 @pdut) < [o(|f O )dutt)

= [o( O du®+ [4(f O] )du)

IA

HROuT)+ [M(|f O] Ydut)

< PKHuT)+ Ml < oo

Therefore, f2 € L (u, X) forall f e L? (1, X).

Corollary 2.5 Let(T,M, «)be a non-atomic, finite, positive measure
space, X be a commutative Banach algebra, and ¢ be a modulus function.
Then

ML (i X)) = L% (21, X) ifF limsup 20 < o
e B(X)

Proof: Note that L? (x, X) is an algebra iff f > € L? (u, X) for all

f e L?(u, X) follows from fg :%((f +g)? - f*—g?)and the corollary

follows from theorem 2.4.

An-Najah Univ. J. Res., Vol. 15, 2001



Mahmud Masri 9

References

1] Deeb, W. and Khalil, R., “Best approximation in LP (z, X), 0< p<1~, J.
Approx. Theory, 58, (1989), 68-77.

2] Deeb, W., “Multipliers and Isometries of Orlicz Spaces”, Proceedings of the
conference on Mathematical Analysis and its Applications, Kuwait Univ. Kuwait,
Feb. 18-21,” (1985).

3] A.Hakawati, “The Multiplier Algebra of Orlicz Spaces”, An-Najah Univ. J. Res.,
Vol. 12, (1998), 1-6.

4] Light, W. and Cheney, W., “Approximation Theory in Tensor Product Spaces,
Lecture Notes in Math. 1169”, Springler-verlag, Berlin (1985).

5] W. Rudin, “Functional Analysis”, McGraw-Hill, (1973).

An-Najah Univ. J. Res., Vol. 15, 2001



