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Abstract

Let (T,M, ) be a finite positive measure space, X a Banach space, @ a

modulus functionand f : T — X a strongly measurable function. The Orlicz space is

L¢(,U=X):{f :J‘¢(Hf(t)H)dﬂ(t) < OO}. The space of Bochner p-integrable functions,
T

bepeeis DU e oy <op A1 L“"’w><)={f - esssup|f(t) <0°}~

When @(X)=Xx",0<p<1, L'(u, X)=L"(1,X). Let ¥:T 5T be a
function with ¥ ' (A) € M forall A€ M and define C,, (f) = f o ¥. We prove

that Cy, is a bounded linear operator on LY (1, X) and LP(1,X),0<p<oo ,

when ddﬂw € L” (1,C) where 2y, (A) = (¥ ' (A)) for all. A€ M and C is the
U

complex numbers.Also, we show that C, is an isometry of LY (4, X)) and

LP(u,X),0< p<oo iff déu—qul a.e. .Moreover, C,is an isometry of
U

L (u, X ) iff g << gty . This generalizes some previous results of the special case
L" (1,C) and proves similar results for LY (2, X) .
gadla
FiT X saed glhe g8 @ 5l elimd s X 5 Lgiias binsa bl lelmd (T, M, 1) o
. - _1¢ [T P
P}%‘-Léﬂj‘{f J¢(Hf(t)H)dﬂ(t) < oo}_L(MX) }Au‘xﬂ‘))‘ chaﬂuu.b)sgw@u\)ﬁ\ By
T
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=L (p, X)) .{f:j||f(t)||"dy(t)<oo}= LP (1, X) s 1S P<o0 L

LX) =P (1, X) ws0<p<l ‘¢(X):Xpum,.{f:esssupf(t)<oo}
tel
oW -Cy(f)am.AeM WY (A)eM gamgss » P:T T o
‘Lp(y,X) 5 L¢(u,X)stgala,m}gLs|;yﬁ Cy U el sls Yo s Cndl 13 3
AeM wu,(A)=u(P'(A) Jaoa d:—\ye L (1,C) e 0< p< o0
7
‘Lp(,u,X) P L¢(y,X) oo balii) 53 Cy el old e i Lea i) J2eY) 8 C
duy
du

.L¢(,u,X) o Ables il cafiyg LP (1,C) aslay 0y ) Lot yfing V305 . 44 << Ly, 1

Ly 19 Ll 056 Cyy s L7 (1, X) Jiali

=1 ae 13 ki; 1 0< P<oo

1. Introduction:

If ¢ is a strictly increasing continuous subadditive function on [0, )
and satisfies @(X) =0 iff x =0, then we call ¢ a modulus function. Let
(T,M, ) be a finite positive measure space, i.e., T is a set, M is a
o —algebraand wis a positive measure with #(T) <oo. If X is a Banach
space, then a function S:T —Xis called a simple function if its range
contains finitely many points Xj,X,,....Xpand E =S’1({>§}), i=12...n are

. . n
measurable sets. Such a function S can be written as SZZ}ﬁ X where ZEi

is the characteristic function of the set E; and E ﬂEj =, fori # j,1,] =1,
2,..,n.A function f:T—>X is said to be strongly measurable if there
exists a sequence {S,}of simple functions such that

lim s, () - f(t)| =0 a.e.
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The Orlicz space LY (u, X)1is the set of all (equivalence classes) of
strongly measurable functions f with

1], = j¢(||f(t)||)dy(t) <o .

If for all f,ge L¢(,u,X) we deﬁned(f,g):”f —g| then d is a

¢’
metric on L? (¢, X)under which it becomes a complete topological

vector space [1,p.70]. For 1< p<o, LP(u X)denotes the Banach
space of (equivalence classes of) strongly measurable functions f such

that I|| f(t)]|" du(t) <oo.The normin LP (u, X) is given by
T

I, =(J||f<t>||pdﬂ<t>]p

The essentially bounded strongly measurable functions f form Banach

space L™ (u,X) with norm given by |[f|_ = ess sup | f(t)].
teT

If ¢ is the modulus function ¢(x)=xP,0< p<1,then L’(w, X)is
the space LP(u, X). Since [2, p. 159], for any modulus functiong,

limsup ) o #(1), it follows that L' (1, X) = L? (i, X).
X—>0 X

For simplicity of notation we write L°(u,C)=LP,0< p< oo,
L?(u,C) = L°.

Asso, |, =]

=1 when X is the complex

||¢ :| |¢

.

p b
numbers C.
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We mean by a measurable transformation on T a function
¥:T >T suchthat W '(A)eM forall Ae M . Itis easy to see that
¥ induces a positive measure 4, on M where u, (A) = u(¥ ' (A)) for
all AeM . Also, ¥ induces a composition operator C, on strongly
measurable functions given by C,(f)=f ¥ when wis complete or
My << u ,1.e., p, is absolutely continuous with respect to . It is
known that [3,p.122] C, (L") c L”, C\{,”S I, and C , is an

L™ —isometry iff u << u, also . Moreover, C,, (L?) c L?, 1< p <o iff

duy

J <oo. In this paper we prove similar results for C, on
U

0

LP(u, X) and K (u, X)) for any Banach space X and give necessary and
sufficient conditions for C,, to be an isometry.

2. Composition Operators:

Let (T,M, ) be a finite positive measure space, X a Banach space
and W:T > T a measurable transformation. The induced composition
operator C,, satisfies the following result.

Proposition 2.1

If gy << u, then Cy,(f)=f oW is strongly measurable for every
strongly measurable function f : T — X.

Proof
Obviously for Xxe X and A e M we have Gy(X 7)=X %, " Thus if {s,}

is a sequence of simple functions such that lim ||srl t-f (t)|| =0a.e.,
n—»oo
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then {C g (S,) } is a sequence of simple functions such that
lim I(Cy (5,)() = (Cy (F()] = 0 a.c. since gy, << 1.

We note that Proposition 2.1 is true if the condition (g, << p) is
replaced by "u is complete" [4, p.114]. In this case any strongly

measurable function is measurable in the classical sense, i.e., the inverse
image of every open set is measurable.

We call C, an isometry of LP(1X),0< p<co if ||C\{, f||p = || f ||p for all
f eLP(4,X) and C, is an isometry of L?(x,X)if |C, f], =] f], for

all f el?(u, X) . The following results are extensions of those in [3, p.
122] from C to any Banach space X.

Theorem 2.2

Cy (L7 (1, X)) € L7 (1, X),
iff p<< .

Cq,” <1 and C,is an isometry of L™ (u, X)

Proof

Let felL”(u,X). Since u, << u it is easily seen that
||f (t)|| < ||f ||oo < o a.e. implies that ||C g | ||OO < ||f ||w . Thus
Cy (L”(u, X)) < L (1, X), and ||C\P||Sl . Suppose C,is an isometry

of L”(u,X). For xeX,x#z0andAeM, we certainly have
u(A)=0 iff |x ya]  =0. Since

HX'Z\I’"(A) w :”C‘P (X‘ZA)”oo :”XZA”oo

it follows that u(A)=0 whenever ,(A)=u(¥Y'(A)=0. Thus
H<< Uy
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Conversely, suppose 1 << u, . From above, it suffices to show that

If]. <[Cy(f)|, forall fel™(u,X). Let fel”(u, X).Then

[Ce N <]Co (O, <[] <0
f(s)|<|Cy(F)|, for

for all teA for some AeM with (A)=0 . Hence,

all seW(A%) where A° =T — A. Since My (E)=01iff u(E)=0 for all
EeM and ¥ ' (P(A%)))c A it follows that 0= (A=, ((P(A)))

when p is complete, i.e., any subset of a set of measure zero is
measurable. If p is not complete it can be replaced by its completion

(see[5,p.29]). Therefore, |f(s)|<[Cy(f)|, <o ae.. Thus |f] <|Cy(f)

‘ o0

forall f e L™(u,X) and C,, is an isometry of L™ (u, X).

Theorem 2.3

Let (T,M,u) be a finite positive measure space, ¥:T —>T a
measurable transformation,] < p < oo, and u, << u. Then

a. C,(L"(u, X)) cL’(u,X) if d:“‘ el”
7

b. C,isanisometry of LP (u, X)iff déu—\y =1 a.e.
u
Proof

a. Let dg‘—““ € L”. Then [6,p.164] for all f e LP (x4, X) we have
7

dua,
cu(f)]f = ! | £ (2| daact) = 1 If))° (:—ﬂj(t)dy(t) ..................... )
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Thus (1) gives

p
lcy (D), %”ﬂ“’ [ O (2)

for all f e LP(u,X). Therefore, C,is a bounded linear operator on
1
dpty [P

LP (1, X) and |ICy | < »

o0

b. Suppose C,is an isometry of LP(u,X), 1< p<w. For each
f e LP define f(t) f(t)— forall teT, where Xxe X and x #0.

b

Then T eLP(u X) and|cw(f)|p=Hc:q,(f~)up=HfNHp=|f|p. Thus

C, 1s an isometry of LP and hence [3] implies that ddﬂ el”. Next,
17

let f(t)_M for all teT, where xe X and x#0. Then felP(4X) and
(2) implies that O:jﬂ >1 . Also, for this f by [6,p.164] we get
o,

d
Jduw =[] =Jc. (D] =[] x®)] du) =] (ﬁj(t)dy(t)
T p T T

Therefore, I [( d:\y
7

T

j(t) —ljdy(t) =0 implies that dd * =1 ae
U

The converse is clear from (1).

The next results deal with C,, on K4 (1, X).
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Theorem 2.4

Let ¢ be a modulus function. Then

a. C, isabounded linear operator on K (u, X) if dc,jU_\p elL”.
o

b. C, is an isometry of L¢(,u,X)iff d(’ju—lyzl a.c.
u

Proof

a. For f el?(u X) by [6,p.164] we have

disy
[cu (P, :J¢(“f(‘1’(t))||)dy(t) =£ ¢(“f(t)||{ d‘; J(t)d,u(t) .......

Thus (3) gives

du
du

[ (D, <

L ——

for all fel? (4, X). Therefore, C,is a bounded linear operator on

dusy
du

L? (1, X) and|C, | <

o0

b. Suppose C ., is an isometry of 1%uX). For fel! let fN(t):¢*‘(jf(t)|)

X

b

for all teT, where xe X and x#0. Then‘C\y(f)‘l :HC\F(WL :Hf\H¢ :‘f‘l.

Therefore, C, is an isometry of L' and hence by [3]

d’u—\PeL‘”.
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X
[

>1 . Also, for such f by [6] we have

Moreover, for a nonzero X € X and f(t) = forall teT, by (4)

duy
du

one has

0

[pdu®) =[], =[c, f], = I¢(1)[ dg’/j’ J(t)du(t)

desy

This implies that
du

=1 a.e. Finally, the converse follows from (3).

Corollary 2.5

C, is an isometry of LP(x,X), 1< p<oo, iff C,is an isometry of
L? (i, X).
Proof

Clear from theorem 2.4 and theorem 2.5.

Finally, we note that if s, << # then C, is 1-1on LP(u X),
0<p<Lo,and L? (u, X) for any modulus function ¢. Moreover, if ¥

[ . . . -1 . . .
is invertible with inverse ¥~ , then so is C,, with inverse C\y,l.
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