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Approximate analytical solutions of the Dirac equation for Tietz—Hua (TH) potential including Coulomb-like tensor
(CLT) potential with arbitrary spin—orbit quantum number x are obtained within the Pekeris approximation scheme to deal
with the spin—orbit coupling terms x(k + 1),,72. Under the exact spin and pseudospin symmetric limitation, bound state
energy eigenvalues and associated unnormalized two-component wave functions of the Dirac particle in the field of both
attractive and repulsive TH potential with tensor potential are found using the parametric Nikiforov—Uvarov (NU) method.
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1. Introduction

The spin and the pseudospin (p-spin) symmetries of the
Dirac Hamiltonian were discovered many years ago. How-
ever, these symmetries have recently been recognized empiri-
cally in nuclear and hadronic spectroscopes.!!! In the frame-
work of the Dirac equation, the p-spin symmetry is used
to characterize the deformed nuclei and superdeformation to
establish an effective shell model.[>*! On the other hand,
the spin symmetry is relevant for mesons.>! With spin sym-
metry, the radial scalar potential S(r) and vector potential
V(r) are nearly equal, S(r) =~ V(r), whereas the p-spin
symmetry occurs when S(r) ~ —V (r).[%7 The p-spin sym-
metry refers to a quasi-degeneracy of single nucleon dou-
blets with non-relativistic quantum number (n, [, j =1+1/2)
and (n—1,1+2, j=1+3/2), where n, [, and j are single
nucleon radial, orbital and total angular quantum numbers,
respectively.[®°] The total angular momentum is j = [+ §,
where [ = [+ 1 is the pseudo-angular momentum, and § is the
p-spin angular momentum. %

Lisboa et al."'! have studied a generalized relativistic
harmonic oscillator for spin-1/2 fermions by solving the Dirac
equation with quadratic vector and scalar potentials includ-
ing a linear tensor potential with spin and p-spin symmetry.
Furthermore, Akcay!!? has shown that the Dirac equation for
scalar and vector quadratic potentials and Coulomb-like tensor
potential with spin and p-spin symmetry can be solved exactly.
In these studies, it has been found out that the tensor interac-
tion removes the degeneracy between two states in the p-spin
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doublets. The tensor coupling under the spin and p-spin sym-
metry has also been studied in Refs. [13] and [14]. Further-
more, the nuclear properties have been studied by using tensor
[15.16] Very recently, various types of potentials like

Hulthén!"%! and Woods-Saxon!!”! including Coulomb-like po-

couplings.

tential have been studied with the conditions of spin and p-spin
symmetry.

The Tietz—Hua (TH) oscillatory potential is one of the
best molecular potentials to describe the vibration energy
spectra of diatomic molecules.!'®! Tt is much more realis-
tic than the Morse oscillator in the description of molecular
dynamics at moderate and high rotation—vibration quantum
numbers.[?*>?1 Kunc and Gordillo-Vazquez!®}! derived the
analytical expressions for the rotation—vibration energy levels
of diatomic molecules represented by the TH rotating oscilla-
tor potential using the Hamilton—Jacobi theory and the Bohr—
Sommerfeld quantization rule. This potential takes the follow-
ing form:

1— efbh(rfre)

VTH(r) =D 5 bhza(l—ch)7 (1)

1—cp e —bn(r—re)

where the parameters r, re, by, D, and ¢, are the inter-
nuclear distance, the molecular bond length, the Morse con-
stant, the potential well depth, and the potential constant,
respectively.[?3] In the limit when the potential constant cy,
approaches zero, the TH oscillatory potential turns into the
Morse potential.?*! In Fig. 1, we draw the potential given
by Eq. (1) for three different types of molecular potentials,
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namely, the TH, the Morse, and the generalized Morse po-

tentials. The following set of parameter values are used:

re =0.4fm, c, =0.1,D=15.0 fm~!, and b, = 0.8 fm~'.
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Fig. 1. (color online) Shapes of potentials discussed in this work.

Over the past few years, the Nikiforov—Uvarov (NU)
method[® has been proved to be a powerful tool in solv-

ing the second-order differential equation. It has been ap-

plied successfully to a large number of potential models.[2¢-3?1
This method has also been used to solve the spinless (spin-0)
Schrodinger*3-37! and Klein—Gordon (KG)P842 equations
and also relativistic spin-1/2 Dirac equations*371 with dif-
ferent potential models.

Since the relativistic solution is indispensable, we need to
solve the Dirac equation with a flexible parameter TH molec-
ular potential model including a Coulomb-like tensor (CLT)
potential coupling. However, the Dirac-TH—CLT problem can
no longer be solved in a closed form due to the existence of
spin—orbit coupling centrifugal term k(x4 1)r~
essary to resort to approximate methods. Therefore, we use the
Pekeris approximation scheme!*3! to deal with this term and

2 5o it is nec-

solve approximately the Dirac equation with the TH rotational
potential and CLT coupling potential for arbitrary spin—orbit
quantum number K.

The aim of the present work is to obtain the approxi-
mate relativistic bound state energy eigenvalue equation and
the corresponding unnormalized two-component wave func-
tion of the spin-1/2 Dirac particle moving in the field of the
TH rotating oscillatory potential with tensor coupling poten-
tial using the concepts of parametric NU method.*°! The spin
and p-spin symmetric limitations are studied. Furthermore,

50-52]

we consider the Morse oscillator case,! the generalized

Morse oscillator case,*! and the non-relativistic solution. >3]
The rest of this paper is organized as follows. In Sec-
tion 2, we briefly introduce the Dirac equation with radial
scalar and vector potentials coupled with a radial tensor poten-
tial. In Section 3, with spin and p-spin symmetries, we solve
the Dirac equation for the scalar-vector TH potential coupled
with CLT potential to obtain the approximate relativistic en-
ergy eigenvalue equation and the corresponding two compo-

nent wave function for arbitrary spin—orbit quantum number

K using a short version of the NU method. A new Pekeris
approximation scheme is used to deal with the spin—orbit cen-
trifugal and pseudo-centrifugal terms. In Section 4, we con-
sider some particular cases of much interest from our solu-
tion. Finally, our final remarks and conclusion are given in
Section 5.

2. Dirac equation with a tensor coupling

The Dirac equation for a particle of mass mmoving in the
field of attractive radial scalar S (r) , repulsive vector V (r), and
tensor U (r) potentials (in the relativistic units # = ¢ = 1) takes
the following form: ]

[c-p+B(m+S(r)+V(r) —iBa-rU(r)]y(r)
=Ey(r), @

where E is the relativistic energy of the system, p = —iV is
the three-dimensional (3D) momentum operator, and « and 3
represent the usual 4 x 4 usual Dirac matrices which are com-
posed of the three 2 x 2 Pauli matrices and the 2 X 2 unit ma-
trix. For spherical nuclei, the Dirac Hamiltonian commutes
with the total angular momentum operator J = L + S and
the spin—orbit coupling operator K = —3 (o - L+ 1), where
L and S are the orbital and spin momentum, respectively. The
eigenvalues of the spin—orbit coupling operator are Kk =1 > 0
and Kk = —(/+ 1) < 0 for unaligned spin (j =/—1/2) and
aligned spin (j =1+ 1/2), respectively. Thus, the Dirac wave
function takes the following form:

1<F<>,m<9¢>> 3

Vi) =2\ iGoe()YT(6.0)

where ng(9,¢) and ng(e,m are the spin and p-spin
Foic(r) and Gy (r) are the
upper- and lower-spinor radial functions, respectively. In-

spherical harmonics, respectively,

serting Eq. (3) into Eq. (2) and making use of the following

relations: 94

(0-A)(0-B) =

.o
0'~p=0'-’l"(’l“'p+1

A-B+ioc-(AxB), (4a)

L ) ; (4b)

and properties

(0-L) Y%, (6,0) = (x—1)Y},(6,0), (5a)
(o-L)Y! ( ) = (K+1)Y’,m(9,¢), (5b)
= r) 6,0) = ~Y},(6,9), (50)
(7)Y (0,9) = =Y}, (0.9). (5d)

we obtain the following two coupled differential equations sat-
isfying the upper and lower radial functions Fp,(r)and Gy (r):
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(d+’:—U(r>> Fuc(r) = (m+E = A(r)) Gux(r), (62)
(d B ; +U(r)> G"K(r) = (m_E+Z(r))F"K(r)’ (6b)

where the sum and difference potentials, respectively, are de-
fined by

E(r)=V(r)+S(r), A(r)=V(r)—S(r). @)

Combining Egs. (6a) and (6b), we obtain the second-order dif-
ferential equations satisfying the radial functions, Fy (r) and
G (7), as

{;;—'d’ijlu(zf—u(r)—i) u(r)

— [M+Eyc — A(r)][M — Epe + Z(7)]

)

X Fue (r) =0, (8)
2 _

— [M+E11K_A(r)][M_E”K+Z(r)]

_M—Eni—&-E(r) dy:iir) (c?r - +U(’)) }

X Gui (r) =0, ©)]

where k(k+1) =1(I+1) and k(k—1) =1({+1). These
radial wave equations are required to satisfy the neces-
sary boundary conditions in the interval r € (0,), i.e.,
Fuc(r=0) =Gy (0) =0, Fyic (r = 0) =0, Gy (r — 00) ~ 0.

3. Dirac bound states
3.1. Spin symmetric limit

Under the exact spin symmetric condition, we take the
sum potential X (r) as the TH potential, the difference potential
A(r) as a constant, and the tensor potential U (r) as Coulomb-
like potential. Then, we have the following forms:

2
1— e—bh(r—re)
2 =P <1_hb<> v
H
A(r) =G, U(r)=——, (10)
r
where Cs and H = Ze?/ (47ey) are two constants. Inserting
Eq. (10) into Eq. (8), we can obtain an equation satisfying the
upper component as

2
sznK(r) y 2 ( 1 — e bn(r=re) )
)

dr? P2 T\ 1 —cpe (e
X Fue(r) =0, (11a)
y=(k+H)(k+H+1), (11b)
D=D(Ey+m—Cs), (11¢)

Epe = (Epc+m—Cs) (Epe—m). (11d)
As seen in Eq. (11b), the introduction of the tensor potential
has an effect on changing the spin—orbit quantum number into
a new spin—orbit quantum number (i.e., kK — K+ H). Fur-
thermore, equation (11a) has an exact rigorous solution only
for the state with k = —(1 + H) due to the existence of the

=2 155 How-

strong singular new spin—orbit coupling term 7yr
ever, when this term is taken into account, the correspond-
ing radial Dirac equation can no longer be solved in a closed
form and it is necessary to resort to approximate methods.
The most widely known approximation method is the Pekeris
approximation, 81 in which the new spin—orbit coupling term
yr?
e~’/% which are compatible with the solvability of the prob-

is expanded in terms of singular exponential functions

lem for r < a. Because of this singularity, the validity of such
an approximation is limited to only a few of the lowest energy
states. [47]

Now we need to perform a new approximation for this
spin—orbit coupling term as a function of the relevant TH
rotating potential parameters as shown in Appendix A. This
approximation in the limit where ¢, = 0 is reduced to the
usual approximation used for the Morse potential case. %1561
Thus, employing the approximation scheme derived in Ap-
pendix A and making an appropriate change of variables:
x = (r—re)/re € (—1,%0), we can then rewrite Eq. (11a) as

szmc(x) —ax
e T [w _Y(D(H_D] 1 —che—ox
D, e—20x )v2< 1— e—ox >2}
(1 —Chef’)’“")2 1 —cpe~*
X Fue(x) = 0, (12a)
v:i=Dr2, 0*=E2r2, oa=bhyr, (12b)

where the explicit forms of the constants D; (i = 1,2,3) are de-
fined in Appendix A and are expressed in terms of the potential
parameters (cp, by, 7e). Setting a new variable s(x) = e * €
(e™’=.0), we can decompose the spin-symmetric Dirac equa-
tion (12a) into the Schrodinger-type equation satisfying the
upper-spinor component F;, «(s),

A2 Fyi(s) (1 —cps) dFyk(s)
ds? s(1—cps) ds
AL +Bs—C
s2(1 —cps)?

Fox(s)=0, F,(0)=0, (13)

where Fp (x) = F,, «(s) has been used. Equation (13) is now
amendable to the application of the Nikiforov—Uvarov (NU)
method.?>! In Appendix B, we will introduce a shortcut to the
NU method which has recently been derived in Ref. [57] to
make the solution of the hypergeometric second-order differ-
ential equation simple, short, and elegant. This parametric NU
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method[46:49-38-611 avoids the difficulty in choosing the essen-
tial parameters and the root which are necessary to obtain the
energy eigenvalues and wave functions. Now, if one compares
Eq. (13) with its counterpart (B2), the following constant pa-
rameters are identified as:

I
A= 5 [(¥Do—0°) 6 —Drcw + D2 +V?], (14a)

B= % 2 (yDo — @?) cn — YD1 +2V?], (14b)
C= % [yDy — 0* + V7], (14c)

and also the specific values for the coefficients,
c1=1, ¢ =cp, ¢3=cp. (15)

Furthermore, in order to obtain the bound state solutions of
Eq. (13), it is necessary to calculate the remaining paramet-
ric coefficients, that is, ¢; (i =4, 3, ..., 13) by means of rela-
tion (B5). Thus, their specific values are displayed in Table 1
for the relativistic TH potential with a tensor coupling poten-
tial. The essential polynomial functions and root k can be cal-

culated through the relations (B6)—(B9) as

V ¥Do+ V2 — ?

Ch 1
- [z*z\/"’ﬁ+

C
+Eh }/D0+v2a)2}s,

n(s) =

RI~

4
o [YD2 + V2 (1 —cp)?]

Vz(l—Ch)}
1
—a\/yDo—kvz—a)z
», 4 2 2
X ch+a2[}/D2+v(1—ch)],
1
_ ‘D sza)2
Jra\/}’ o +

1 4
—2|:Ch+2\/C§+az['J/D2+V2(1 —Ch)z]

1

vDo + V2 — wz} s,

i)
#0) = 2t SN

l yDo + V2 — 2}<o. (16)

: — [YD2 4+ V(1 —cp)?]

Next, employing these parametric coefficients along with the
relation (B10), we can readily obtain the analytic form of the
energy equation for the Dirac-TH-CLT problem as

2
TR I
nto) ety nt o
x{\/c}zﬂ—

4
2 [YD2 4+ v2(1 —cp)?]

+7\/YD0+V - +¥[YD]—2V (l—ch)]
1\/D T [+ 2 (D +v2 (1 —cp)?
+ o VDot vE— ch+$[y 2+ V2(1—cp)?]

=0. a7

It can also be rearranged in a more convenient form for the
cp # 0 case as

c —l—l
h{nts
1

+2\/cﬁ+

(o)
= E\/(’YDQ*(DZ)Cﬁ*

where 6 = +1. Recalling

+%\/}/Do+v2—w2

4
y [YD> +v2(1 — cp)?]

YDich+¥YDy + V2, (18)

y=(xk+H)(k+H+1),
V2 =r2D(Eu+m—Cy),

(02 (Em(+m*Cs) (Enlc*m)v

one can obtain the implicit dependence of the above energy
equation formula on energy E .

Table 1. Specific values of the coefficients for the spin-symmetric
Dirac—TH problem with a Coulomb tensor potential.

Constant Analytic value
c4 0
Ch
cs -3
. é L D, 2\ .2 D¢ D 2
€6 4 T2 [(YDo — @*) ¢, — YDicn+¥D2 + V7]
1
c7 - [2 (yDo — ©*) ey — YD1 +2v?]
1
cs P [yDo — 0%+ v?]
2
€9 Gy L [YD2+ V(1 1)’
4 a?
c1o %\/yDOJrvszz
o
1 4
2 2 2
— —5 [YD2+v*(1 —
11 Ch\/cthOlz [')/ h + ( Ch)]
1
c12 a\/YDoJerfwz
1 1 4
. o 24 " [yD 2(1 —cn)?
e13 2t o |Gt g P2Vl - )]

On the other hand, in order to establish the upper-spinor
component of the wave functions Fm,c(r)7 namely, Eq. (8), the
relations (B11)-(B14) are used. Firstly, we find the first part
of the wave function to be

¢(S) _ s\/yD0+v2—a)2/oc
1/2+\/cﬁ+(4/a2)[yD2+v2(1—ch)2]/2q,.(19)

X (1 —cps)
Secondly, we calculate the weight function as

p(s) _ SZ\/yD0+v2—a)2/a
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% (1 *ChS)\/Cﬁ+(4/a2)[YD2+V2(1_Ch>2]/Ch (20)

which gives the second part of the wave function as

( ) P(Z\/’)/D(r%vzfa)z/a,\/cﬁJrﬁ[YD2+V2<17"h)2]/Ch)
YnlS) = In

X (1 —2cys), 21

(a:b)

where P,”" (1 — 2¢ps) are the orthogonal Jacobi polynomial.

Finally, the upper spinor component for arbitrary spin—orbit
quantum number K can be found through the relation (B14) as

Fue(r) = Nyge™VP0rv2-02r—re)/re
X (1 — ey e=0lr=r)/rey E o /et g [PtV (-]

P(%\/}’DO‘FVZ*(J)Z,#\/L%‘F& [yD2+v2(17ch)2])
n

X (1—2cpe”rre/re), (22)

where N, is the normalization constant. From the relation
(B15), the upper spinor can be expressed in terms of the hy-
pergeometric function as

FnK(r) = Nm(i(ao + l)n e*\/m(r*re)/re

n!

% (1 _ Chefa(rfre)/re)%Jrﬁ \/Cﬁ+;7[YD2+V2(lfch)2]
X oFy (—n, 1+ ao+bo + m;ag+ 1;cpe ~*07e)/7e),

where
2
ap = a\/}/DO—F vZ— w2,

1 4
bo = —1/ 2+ — [YDy + V2 (1 —cy)?).
0 o Ch+a2[y h +V2(1—cp)?]

The lower-spinor component of the wave function can also be
calculated by using Eq. (6a). Introducing the following recur-
rence relation:

d ab
LR abied) = (L) as b+ tie+ 1),
dz c

one can easily obtain the lower spinor G (r) as

Gk (1)
(ap+ l)n 1
n! (m+ Ep —Cs)

r T

r

- nK

+

o (ch +\JE+ 2 vy +v3(1 - ch)Z]) e—alr=re)/re
2re(1 — cpe—alr=re)/re) )

acyn (14+ag+bo+n
Te ap+1

x e~V YDy +VZ—02(r—re)/re

1 1 4
7+H \/Cﬁ+ﬁ [7D2+V2(17Ch)2:|

X Foe (r) +

x (1 —che_a(r_’e)/’e)

x 2F (—n +1,a0+bo+n+2;a0+ 2;che*06(r7re)/re> }
(23)

where E # —m+ Cs. In the presence of the exact spin symme-
try (Cs = 0), there are no bound negative energy states.

In addition, to calculate the bound state solutions of the
Dirac equation with the Morse potential including the CLT po-
tential, we follow the NU method and the procedures of solu-
tion explained in Refs. [50], [51], and [56], where the nonrel-
ativistic and relativistic solutions of the Morse potential were
found. The bound state energy eigenvalue equation and the
wave function with spin symmetry are shortly derived in Ap-
pendix C because of its importance.

3.2. Pseudospin symmetric limit

In this part, we will consider the exact p-spin symmetric
solution of the Dirac equation for the TH potential and CLT
potential. We take the following potentials:

1— efbh(rfre) 2
L(r) =Cps, A(r)=D m )

Ulr) =~ 24)

where Cps and H are constants. Inserting the above potentials
into Eq. (9), we obtain the equation satisfying the lower radial
component of the wave function in the following form:

CCulr) |7 g g L
dr? r2 nK 1—cy ebn(r—re)

X Gk (r) =0, (25a)
7= (k+H)(K+H—1), D=D (Ey—m—Cp),(25b)
EgK = (EHK —m-— Cs) (Emc +m) . (25¢)

Furthermore, using the Pekeris approximation of the strong
singularity #~2 derived in Appendix A, we can then rewrite
the above equation as

dZF _ al0x
ﬂ"’ |:CT)2—’)7<D()—|—D16

dr? 1 —che o
b _De0x 2 1— e—ox 2
2 (1 —Chef’)’“")2 1—cpe=x
X Gui(r) =0, (26a)

V2 =Dr2, @ =E22, o=byr, (26b)

where the explicit forms of the constants D; (i = 1,2,3) are
defined in Eqs. (A3a) and (A3b). This equation has the same
form as Eq. (12a) obtained previously in the spin symmetric
case. Thus, the energy eigenvalue equation and the associated
radial lower component of the wave function can be obtained
following the same solution procedure as that used in the pre-
vious subsection. In this manner, we will not give detailed
calculations but present the final results only. We may also use
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the parametric mappings from spin symmetry to p-spin sym-
metry explained in Refs. [46], [49], and [58]-[61].

Therefore, using Eq. (17), we may obtain the energy
eigenvalue equation for the nuclei in the field of TH rotating
potential and CLT potential with the exact p-spin symmetry as

2
n+1 AL n+l

2) Mg 2
x{\/cﬁ-l-
2ch = = ~ |
+a\/’)/D()+V2—(D2:|+aZ[’)/D1
/= ey I S R 52 2
+a\/YDo+V - ch+¥[yD2+v (1—cpn)?|

=0, 27

4 -
5 D2+ 721~

—2V*(1 —cp)]

from which we can obtain energy equation for the ¢, # 0 case

as
L Y 7
chinTs o 7o
Vo, 4 72 2
+§ Ch+?['yD2+V (I—Ch)]
c N . _ _ -
=2 (yDo—wZ)cﬁ—Vchh—FYDz—i—vz,

o==l. (28)

Recalling

7=(k+H)(k+H-1),

V2= rgD (E,,K —m— Cps) ,

@ = 12 (Eyxc —m— Cps) (Enic +m),
one can obtain the implicit dependence of the above energy
equation on energy E, .. In order to establish the lower-spinor

components of the wave functions G, «(r), Eq. (9), we only
quote the final result from Eq. (22) as

G(r) = NnKe—\/)7D0+\72—@2(V—fc)/rc
b D22 (1-cp)?]

x (1—cn e_“("’e)/’E)%Jrﬁ Ve

P( VDo +72—@2, 1\/ch+ [7D2+v2(1 ch) ])

n

X (1 —2cpe” rre)/rey, (29)

where N, is the normalization constant. From Eq. (B15), the
lower spinor can be expressed in terms of the hypergeometric
function as

Gux(r) = chm e_\/m(f—fc)/rc
n!
« (1= cpe—alr—re)/rey et g [P+ ¥2 (1)

x oFy (—n, 1 +do+bo +n;dg + 1;cpe "0 —re)/1ey

where

dgp =

2
= /YDy + V? — &>
o VTPt )

A O P
- — — (7D + V2 (1 — ).
ch\/Cthazh’ 2+ V(1 —cn)?]

On the other hand, the upper-spinor F, (r) component of the
wave function can be calculated as

Fo (r)
_ N B} (a() —i— 1) 1
(1 — En + Cps)

K+A) 1
{( + r\/’)7D0—|—f/2—(f)2
",

(Ch+ Ch+ [’}/D2+V2(1 —Ch) ]) O‘(""e)/”e)

+
21— e
X Gy ()
. acyn (14+dog+bo+n e,\/m(rfre)/re
Te ao+1

« (1 — e e —re)/rey b o /e g 1D ¥ (1-a?]

X 2F (—n—|— 1,&04—50 +n+2;d0+2;Chefoc(r7re)/re) },
(30)

where E # m+ Cpys. In the presence of the exact pseudospin
symmetry (Cps = 0), there are no bound positive energy states.

4. Some special cases

In this section, we consider some special cases of interest
from the TH rotating potential and CLT potential as follows.

Firstly, when ¢, = 0 and by, = a, the TH rotating potential
is reduced to the Morse oscillator (version I), i.e.,

lim V(r) = Vi (r) =D (& 20 2 40=)) D31

cph—0

Also, when we neglect the last term in Eq. (31), we obtain the
second version of the Morse potential (version II) as

V) =D (e 2t et (32)

(50,51]

Recently, Berkdemir and Aydogdu and Sever®? have

studied the above potential in the context of the relativistic the-
ory.
4.1. Dirac-Morse-CLT problem (H # O case)

To find the solution of the Dirac equation with Morse
oscillator potential and CLT potential, we insert ¢, = 0 into
Eq. (17) and the values of vZ, @2, and v followed by a little
algebra, we obtain the energy equation as

[(k+H)(k+H+1)Dy+ 12 (Engc +m—Cs)
X (D — Epx +m)]'/?
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= — (n+;) a
(2D (Eyc+m—Cs)— (k+H) (k+H+1)D, /2]

V(K+H)(k+H+1)Dy+ 12D (Eye +m—Cs)
(33)

where the constants D; (i = 1,2,3) in the limit of ¢, — 0 are
given by Eq. (A4).
4.2. Dirac—-Morse problem (H = 0 case)

When H = 0, equation (33) is reduced to the Dirac—Morse
solution,

VK (K1) Do+ 12 (En+-m— o) (D — Eye+m)
AR

4.3. Schrodinger—-Morse problem

(12D (Eyc+m—Cs) — k (k+1)Dy /2]
VE(K+1)Da+ 72D (Epe +m—Cy)
(34)

The nonrelativistic limit solution is obtained when C; =0,
Epc+m=~2U, Eye —m =~ Ey, and x(k+ 1) — [(I+ 1) from
Eq. (34) as

[(I+1)Dy o>

E, =D+

2ur? _2‘ur§
2
2(2uD —1(1+1)Dy/2r?
e (uD -1+ DDy re)—<n+1> . (39
ar/1(I+1)Dy+2ur?D 2

Very recently, we have solved the Schrodinger equation for
the rotating Morse potential taking a new position-dependent
mass ansatz. (03]

Secondly, when we set the potential parameters to be
bp = a and ¢, = e~ %=, the TH potential is reduced into the
generalized Morse potential (GMP) proposed by Deng and

Fan,[® j.e.,

b 2
VGM(V):D<1—ear_l) , b=e%—1. (36)

4.3.1. Dirac—GMP—-CLT problem (H # 0 case)
The energy equation can be found from Eq. (18) to be
1 Ch
+ 12 (Enc +m—Cy) (D — Epc +m)]'/2
1

4
+ 2{cﬁ+ sl H) (k+H +1) D)

1/2
+ 72D (Epe +m—GCs) (1 —ch)z]}
o
= E(ﬂocﬁf(K+H)(K+H+l)D1ch

+ (k+H) (kK +H+1)Dy+ 72 (Epc+m—Cs) D)2,

X = (k+H)(k+H+1)Dy—r2 (Epx +m—Cs) (Eng —m),
37

where 6 = £1, o = are, ¢, = e ¢, and the constants D;
(i =1,2,3) for this case are given by (A3).

4.3.2. Dirac—GMP problem (H =0 case)

The energy equation can be found from Eq. (37) to be

1
Ch <l’l+ 2> + %[K‘(K’+ 1)D()+l’§ (EnK‘i’m*Cs)

1 4
X (D — Epc+m)]/? + 2{6}214—062 [k (k+1)D,

1/2
+ rgD(Em(—i-m—CS) (1 —ch)z]}
= e 1 1
= ?[ ¢ —kK(k+1)Dich + x(k+1)D;

+ 12 (Epe +m—Cs)D]'/?,
M = Kk (K+1)Dy— 12 (Epg +m—Cs) (Epc —m). (38)

Very recently, we have studied the approximate bound state so-
lutions of the Dirac equation for GM potential with any value
of k in the spin and p-spin symmetric limitations using the
parametric generalization of the NU method and employing a
new improved approximation scheme to deal with the spin—
orbit barrier term. (4]

To show the procedure of determining the energy eigen-
values from Egs. (17) and (27), we take a set of physical
parameter values: r. = 2.40873 fm, by, = 0.988879 fm~!,
D=5.0fm™!, m=10.0 fm™!, and C; = 10.0.1°?! In Tables 2
and 3 listed are the calculated energy eigenvalues of the spin-
1/2 Dirac particle for the TH-potential in the presence and
the absence of the Coulomb tensor potential. In Table 2, we
present the energy spectrum for the spin symmetric case. Ob-
viously, the pairs (npy/2,np3)2). (nds/2,nds ), (nfs)n,nf7/),
(ng7 /2,189 /2), etc, are degenerate states. Thus, each pair is
considered to be a spin doublet and has positive energy. !
In Table 3, we give the numerical results for the pseudo-spin
symmetric case. In this case, we take the set of parameter
values as follows: r. = 2.40873 fm, by, = 0.988879 fm~!,
D=5.0fm™!, m=10.0 fm™!, and Cps = —10.0.1**! We ob-
serve the degeneracy in the following doublets: (lsl /2,0d3 /2),
(1p3/2,0fs/5), (1ds2,0g7/2). (1f7/2,0hg)5), etc. Thus, each
pair is considered to be p-spin doublet and has negative
energy. 4]

Finally, we plot the relativistic energy eigenvalues of the
TH potential and CLT potential with spin and pseudospin sym-
metry limitations in Figs. 2 and 3. In these figures, we plot the
energy eigenvalues of spin and p-spin symmetry limits versus
potential parameters H, re, by, D, and cy,.
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Table 2. Bound state energy eigenvalues (in units of fm~!) of the spin-symmetry TH with tensor potential for several values of n and x with ¢, = 0.01.

I nk<0  (Lj=1+1/2) Eprco, H=1 Epgco H=0  nk>0  (Lj=1-1/2)  Epx0,H=1 B0, H=0
1 0,2 0p3/2 0.005960053369  0.01564453620 0,1 0p1/2 0.02928502468  0.01564453620
2 0,-3 0ds 5 0.01564453620  0.02928502468 0,2 0d3/, 0.04685683826  0.02928502468
3 0,4 0t 0.02928502468  0.04685683826 0,3 0fs )2 0.06836569674  0.04685683826
4 0,-5 0g9/2 0.04685683826  0.06836569674 0,4 0g7/2 0.09382202943  0.06836569674
1 1,2 1p3)2 0.05813716344  0.07117324667 11 1p1)2 0.09266344719  0.07117324667
2 1,-3 1ds)> 0.07117324667  0.09266344719 1,2 1d3 ) 0.1199395479  0.09266344719
3 1,4 1f;5 0.09266344719 0.1199395479 1,3 1fs5 0.1520130533 0.1199395479
4 1,-5 120/ 0.1199395479 0.1520130533 1,4 1g7/2 0.1885051316 0.1520130533

Table 3. Bound state energy eigenvalues (in units of fm‘l) of the pseudospin symmetry TH with tensor potential for several values of n and x with

eh = —0.01.
5 E E 1, E,_ E,_
Imr<o () "7 e Enxco H =0 2+ T By o H=0
H=8 H=1 ’ K> H=38 H=1 ’
1 1,-1 1s, —0.04825373660 - —0.007823542732 0,2 0dy,  —0.02191791117 —0.01923909438 —0.007823542732
2 1,2 lpsy; —0.04646766226 —0.007823542732 —0.01923909438 0,3 Ofs,  —0.001318795237 —0.03080439455 —0.01923909438
3 1,3 1ds; —0.04034304847 —0.01923909438 —0.03080439455 0,4 0g7/2 0.02565405271  —0.04034304847 —0.03080439455
4 1,-4 1f;, —0.03080439455 —0.03080439455 —0.04034304847 0,5 Ohy 5 0.05923329078 —0.04646766226 —0.04034304847
1 2,-1 25y, —0.09770038174 - —0.008528478379 1,2 1ds) —0.1311748422 —0.02328053998 —0.008528478379
2 2,2 2ps; —0.08025089987 —0.008528478379 —0.02328053998 1,3 1f5/ —0.1340439229 —0.04154662334 —0.02328053998
32,3 2ds; —0.06110448219 —0.02328053998 —0.04154662334 1,4 1g7/2 —0.1320606648 —0.06110448219 —0.04154662334
4 2,-4 2f;, —0.04154662334 —0.04154662334 —0.06110448219 1,5 1hg)> —0.1249128778  —0.08025089987 —0.06110448219
0.18 0.40
o 6 () (b) .
'+1p1/2*1 5/2 - 1D . 1
o014+ 1dss — 0.30 Lo 1
T - 1da ] ’ T Qs
. = - — I § \\ o 1d3/2 ]
¢ B
& 0.10 R - K 0,20 [ < Ay
<‘w ‘ \\\ \_\+ lf5/2
. T [ ——
0.06 . : : 0.10 -
0 0.5 1.0 1.5 2.5 3.0 3.5 4.0 4.5 5.0
H Te
1.0
(©) — @ * 1py2f
// ~ 0.8 —1p1/2
(/,// —1ds/2
2 pi— “ ¢ 1ps T . 0.6 ~ 1ds2
g e B 16
o ~1d;), 0. S 5/2
_ ~1da2 ] e A —
1 0.2 ey e
) ) . ""1f5/2 e — E——————
1.0 1.5 2.0 2.5 3.0 o 3 5 - o 1
by D
0.4 : :
(e)
%
0.3
R —
Lq:' —
0.2 + 1psj « 1ds)2 o 17, T ]
—————————— ~1pip  ~ 1dsn 15,5 .
0.1 f :
0 0.01 0.02 0.03
Ch

Fig. 2. (color online) Contributions of the potential parameters (a) H, (b) re, (¢) by, (d) D, and (e) ¢y, to the energy levels with spin symmetry.
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0
0.02 L) (b) X :
- . : —0.25 =
p—_
0.50 - *1ds2
. —0.06 e : . _ 0'75 +0§7/2
i . $—0. -~ 2f,.
= . 2f, a 1.00 +1h7q/j2
e 2590 » ] —1. :
—0.10 ~1hy). +3%J/2 + 3842
v ldsgy e —— 172 ~1.25 e
- 0g7/2 11/2
—0.14 : : —1.50 : : :
0 0.5 1.0 1.5 1.6 1.8 2.0 2.2 2.4
H Te
0 0
0sl©@ . : oD 4
—0. == V1ds, . —
_ / & i —0.2 // * 1d5/2"
1.0 b > -+ 0g7)2 o
’ —~of,. . —0.3F# U872+
£ —1.5 o : —~2f,
€3] 90 —1hyg) n —04 74 -'—lh(,/Q_
- + 3892 —0.5 . 3g;/2,,
—2.5 ~2up —0.6 =2f11/5
-3.0 : : : : —0.7 ‘ : :
0.4 0.5 0.6 0.7 0.8 0.9 1 3 5 7 9 11
by, D
0 -
(e) ]
—0.04 R
o — s
 —0.08 i T
R 012
- * 1dsz—1hg,
—0.16 0872+ 3gy,
—2f7p =21 A
—0.20 - - -
—0.04 —0.03 —0.02 —0.01 0

Ch

Fig. 3. (color online) Contributions of the potential parameters (a) H, (b) re, (¢) by, and (d) ¢y to the energy levels with the pseudospin

symmetry.

In Fig. 2, we investigate the effects of the potential param-
eters on the p-spin doublet splitting by considering the follow-
ing pairs of orbital states: (1p1/27 1p3/2), (ld3/2, 1d5/2), and
(1f5/2, 1f7/2). From Fig. 2(a), we observe that in the case of
H = 0 (no tensor interaction), members of spin doublets have
the same energy. However, in the presence of the tensor po-
tential, i.e., H # 0, these degeneracies are removed. We can
also see in Fig. 2(a) that the spin doublet splitting increases
with increasing H. The reason is that the term 2kH makes
different contributions to different levels in the spin doublet,
because H takes different values for different states in the spin
doublet. From Fig. 2(b), we observe that spin doublet splitting
increases as r. decreases. The reason can be found by consid-
ering the term (k+H)(k+H +1)/r2 in the energy eigenvalue
equation. As mentioned, the term 2kH is responsible for the
spin doublet splitting. Therefore, contribution of the 2kH to
the energy levels decreases with increasing r. due to 2kH /r2.
In Fig. 2(c), the contribution of the potential parameter by to
the spin doublet splitting is present. From Fig. 2(c), it can be
seen that magnitude of the energy difference between mem-
bers of the spin doublet decreases as the value of by, increases.
The effect of the parameter D on the energy eigenvalues of the
members of the p-spin doublet can be seen in Fig. 2(d). One

can see in Fig. 2(d) that splitting between the pair of orbitals
decreases as the value of D increases. Finally, we study the ef-
fect of the parameter ¢}, on the energy splitting of spin doublet
in Fig. 2(e) and we can see that splitting between the pair of
orbitals increases as the value of ¢}, increases.

In Fig. 3, we investigate the effect of the potential pa-
rameters on the pseudospin doublet splitting by considering
the following pairs of orbitals: (1ds/>,0g7/2), (2f7/2,1hg)5),
(3g9 /253111 /2), and one can observe that the results obtained
in the p-spin symmetric limit resemble the ones observed in
the spin symmetric limit.

5. Final remarks and conclusions

In this work, we have investigated the bound state so-
Iutions of the Dirac equation with the rotating TH potential
with Coulomb coupling potential for any spin—orbit quantum
number k. By making a Pekeris approximation to deal with
the spin—orbit coupling term, we obtain the energy eigenvalue
equation and the unnormalized two spinor components of the
radial wave function expressed in terms of the Jacobi poly-
nomial and hypergeometric function. The problem is stud-
ied within the spin and p-spin symmetric limitations. In the
presence of CLT potential, our solution can be reduced to
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the relativistic rotating generalized Morse solution by sim-
ply making the proper transformation of parameters: by, = a
and ¢, = e~ “* and to the rotating Morse solution by taking
cn, = 0 and by, = a. Also, the relativistic solution can be re-
duced into the Schrodinger solution under the nonrelativistic
limit. Our numerical results are compared with the existing
energy spectra for the particular case where ¢y, = 0 (the Morse
case). The main idea of the introduction of the tensor potential
is to remove the degeneracy of the doublet states by convert-
ing the spin—orbit quantum number into another shifted spin—
orbit quantum number (i.e., K — K+ H) in both spin and pseu-
dospin symmetric limitations.

Appendix A: Pekeris approximation to the spin—
orbit centrifugal term

The spin—orbit centrifugal (pseudo centrifugal) term in
Eq. (11a) (Eq. 25a) can be expanded around r = r, into a series
of powers of x = (r—re)/re € (—1,00) as

_Y__r _v
Vsolr) = 2 r2(1+x)? 2

L1,

(1—2x+3x% =4+,
(AD)

where ¥y = (k+H)(x+H=*1). It is sufficient to keep ex-
pansion terms only up to the second order x*>. The above
spin—orbit potential (A1) can be substituted into the original
TH potential to keep the factorizability of the correspond-
ing Schrodinger-like equation. Taking the centrifugal (pseudo
centrifugal) term as

—ox —2ax

~ €
Vio(r) = rlz Do+Di =g +D
(S

€
"M—cpe—®)2)”

x<<l/a, ax<l,

Yy=(xk+H)(k+H=*1), (A2)

where o = byr. and D; are the parameters of coefficients
(i=0,1,2). After making a Taylor expansion of expression
(A2) up to the second-order term x?, and then comparing equal
powers with those in expression (Al), we can readily deter-
mine Dj parameters as a function of specific potential parame-
ters by, cp, and re as follows:

1 3
Dy = l—a(l—ch)(S—Q—ch)—i—?(l—ch)z, (A3a)

2 2 6 3
D :a(lfch) (2+Ch)*$(1*6h) ;

(A3b)
D=L a1 3 1 4 (A3
2——5( —cn)” ( +Ch)+@( —cp)’, (A3c)

where & = byre. In the limit of ¢, = 0, we recover the approx-

imations obtained for the Morse potential case, "’
3 4 6
limDy=1-——+—, lmD|=———,
ch—0 o o -0 o o2
lim D ! + 3 (A4)
imD, =——+—
a0 2 o o?

where a = are.

Appendix B: Parametric NU method

The NU method is used to solve second-order differen-

tial equations with the appropriate coordinate transformation
s =s(r)>!

v s)+ <9y () 4 S0 (B1)

o (s) o2 (s)

where o (s) and 6 (s) are polynomials, with at most second

v (s) =0,

degree, and 7 (s) is a first-degree polynomial. To make the ap-
plication of the NU method simpler and direct without need
to check the validity of solution. We present a shortcut for
the method. Thus, at first we write the general form of the
Schrddinger-like equation (B1) in a more general form appli-
cable to any potential as follows: 7]

v+ (=2 o

(1 —c3s)
—As?4+Bs—C
+ <S2(1—C3S)2) Y (s) =0, (B2)
satisfying the wave functions
Wn(s) = @ (s)yn(s). (B3)

Comparing (B2) with its counterpart (B1), we obtain the fol-
lowing identifications:

T(s) =c1—cas, o(s) =s(1—c3s),

6(s) = —As>+Bs—C. (B4)

Following the NU method,!?>! we obtain the following neces-
sary parameters. (571
(i) Relevant constants:

1
6425(1—6‘1), C5=§(C2—2C3), C6=C§—|—A7
c7=2c4c5—B, cg= Ci +C, c9g=c3(c7+c3c8) + co,
clo=c1+2c4+2y/cs—1>—1,

2
1] =1—C1—2C4+?\/69>—1, c3 #0,
3

1
c3=—c4+—(y/c3—c5) >0, ¢3#0.

(BS)
c3

(i1) Essential polynomial functions:
7(s) = cs+ess— [(veo +esv/a)s— Vel (B6)
k= —(C7 -|-2C3Cg)—2\/@7 B7)

T(s) = c1+2¢c4 — (cp —2¢5)s
—2[(\/es +c3\/e5)s — /cs), (BS)
T'(s) = —2¢3 = 2(y/co +c31/c5) < 0. (B9)

(iii) Energy equation:

con—(2n+1)es+(2n+1) (Veg +c3+/cs) +n(n—1)c3
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+ ¢7+2c3c8 +2+/cgcg = 0. (B10)
(iv) Wave functions:
p(s) =s9(1 —c3s)1, (B11)
O(s) =521 —c35)B, ¢12>0, ¢13>0, (B12)
Ya(s) = YO (1 = 2¢35),
cro>—1, cip > —1, (B13)

Ve (5) = Nes®12 (1 — €38) B3P0 (1 — 2¢55), (B14)

where PV (x) (u>-1,v>—1,and x € [-1,1]) are Jacobi
polynomials with

P (1 - 25)
(ao+1)n
= —

o Fi(—n,14+ap+bo+n;a0+1;s), (BL3)

and N, is a normalization constant. Also, the above wave

functions can be expressed in terms of the hypergeometric
function as

Wi (8) = Npyes“2(1 — c35)13

X oFi(=n,14+cio+ci1 +n;ci0+ L;czs), (B16)

where ¢ > 0, ¢13 > 0,and s € [0, 1/c3], ¢3 # 0.

Appendix C: Dirac-Morse
Coulomb-like tensor potential

problem and

This case should be treated separately especially for the
radial wave function. Here, we extend the relativistic bound
state solution of Refs. [50] and [51] to include the Coulomb
tensor coupling potential as follows. The Schrodinger-type

second-order equation (12a) with spin-symmetry for the case

where ¢, = 0 and by, = a, using the transformation s = e ~%*,
x = (r—re)/re, can be rewritten as
A’ Fue(s)  1dFue(s) 1. 5
152 + T ds + S—2[£3s — &5+ € ]Fu(s),
1 1
& =5 (1o +v-0?), &= (v —1D),
1
&=—3 (V2 +7yD), (C1)
where
V2 =r2D (Epc+m—Cy),
@* = 12 (Epxe +m—Cs) (Epx —m)
y=(k+H)(x+H+1),a=are. (C2)
Furthermore, from Eq. (29) in Ref. [50], —812 =
—[£2/2\/& — (n+1/2)]*, we obtain the relativistic energy

equation for the Morse potential including CLT potential as

(Enx —m) (Epe +m —Cs)

(k+H)(k+H+1)Dy
e
_ 2 |:re ((Enx+m—C3)D— (K+H)(K+H+1)D1/2V§)
a/(k+H)(k+H+1)Dy+ 12 (Eye+m—Cs) D

. (@)T

Next, we calculate the first part of the radial two-component
wave function following the way in Ref. [50] as

p(s) = +§\/7/D0+v2—w2e—%y/vﬁ—yDzs’
_ 2./ _ /
ynK(S) = BnKS (1+a YD0+V2 a)2) C% v2+yD2S

(C3)

n
y d S(1+n+§ yDo+v27w2) e*%*/vzﬂ'DzS
ds”
(1+§\/7D0+v2—a)2>
=L, w),

w =

%\/v2+yD2s
a )

and the second part

(C4)
)m

< V2 +yD,
X w

LA/vDo+v2 -2 e W/2,

Thus, the upper component of the radial wave function be-

comes
Fue(r)
= Apce — o/ (k+H) (kK+H+1) Do +v2— 02 (r—re)
— “in
X € a\/" +(k+H) (k+H+1)Dy e ~9(r=7e)
<1+%\/(K+H)(K+H+1)Do+v2_w2)
n
2
X a\/V2+(K'-f—H)(K—‘rH—i—l)Dze*u(rfre)’ (C5)
where

dan! (14n+ 2 ((k+H) (kK +H+1) Do+ v? — 0?))°

Ay =
K (1+n+2((k+H)(k+H+1)Dy+v2 — @?))!
2 2.\ /(x+H)(x+H+1)Dy+v2 -2
X (a\/m) C6)
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