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Approximate analytical bound-state solutions of the Dirac particle in the fields of attractive and repulsive Rosen—
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1. Introduction

In the framework of the Dirac equation, the spin symme-
try occurs when the difference between the scalar S(r) and
vector V (r) potentials is a constant, i.e., A(r) = C, and the p-
spin symmetry occurs when the sum of the scalar and vector
potentials is a constant, i.e., £(r) = Cps.['! The spin sym-
metry is relevant to mesons.* The p-spin symmetry concept
has been applied to many systems in nuclear physics and rele-

2-71 and is used to explain the features of deformed

vant areas!
nuclei,! the super-deformation[g] and to establish an effec-
tive nuclear shell-model scheme.>%!% The p-spin symmetry
introduced in nuclear theory refers to a quasi-degeneracy of
the single-nucleon doublets and can be characterized with the
non-relativistic quantum numbers (n,/, j =14 1/2) and (n— 1,
[+2, j=1+43/2), where n, [, and j are the single-nucleon ra-
dial, orbital, and total angular momentum quantum numbers
for a single particle, respectively.>®! The total angular mo-
mentum is given as j = [ +§, where [ = [ + 1 is the p-angular
momentum and § = 1/2 is the p-spin angular momentum. In
real nuclei, the p-spin symmetry is only an approximation, and
the extent of approximation depends on the p-centrifugal po-
tential and p-spin orbital potential.''l Alhaidari er al!'?! in-
vestigated in detail the physical interpretation on the three-
dimensional Dirac equation in the context of spin symmetry
limitation A (r) = 0 and p-spin symmetry limitation X(r) = 0.

The exact solutions of the Dirac equation for the
exponential-type potentials are possible only for the s-wave
state (/ = 0 case). However, for /-states an approximation
scheme needs to be used to deal with the centrifugal and p-
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centrifugal terms. Many authors have used different meth-
ods to study the partially exactly solvable and exactly solvable
Schrodinger, Klein—-Gordon (KG), Dirac, and semi-relativistic
Salpeter equations in one-, three-, and arbitrary dimensions
for different potentials.'>>31 In the context of a spatially-
dependent mass, we have also used a proposed approxima-

26271 for the centrifugal term to find a quasi-

tion scheme!
exact analytic bound-state solution of the radial KG equation
with spatially-dependent effective mass for scalar and vector
Hulthén potentials in any arbitrary dimension and orbital an-
gular momentum quantum number / within the framework of
the Nikiforov—Uvarov (NU) method.[?-2) For more informa-
tion, one can see Refs. [30]-{54].

Another physical potential is the Rosen—Morse (RM)

potential®>! expressed in the form
V(r) = Vi sech? ar + Vs tanh ar, 1)

where V| and V, denote the depths of the potential and o is
the range of the potential. The RM potential is useful for de-
scribing the interatomic interaction of the linear molecules and
is helpful for discussing polyatomic vibration energies such
as the vibration states of the NH; molecule.[’! It is shown
that the RM potential and its PT-symmetric version are the
special cases of the five-parameter exponential-type potential
model.5%37 The exact energy spectrum of the trigonometric
RM potential has been investigated by using supersymmetric

(SUSY) and improved quantization rule methods.’%!

1169 have studied a generalized relativistic har-

Lisboaera
monic oscillator for spin-1/2 fermions by solving the Dirac

equation with quadratic vector and scalar potentials including
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a linear tensor potential with spin and p-spin symmetry. Fur-
ther, Ak¢ay!®!! has shown that the Dirac equation for scalar
and vector quadratic potentials and the Coulomb-like tensor
potential with spin and p-spin symmetry can be solved ex-
actly. In these investigations, it has been found that the ten-
sor interaction removes the degeneracy between two states in
the p-spin doublets. The tensor coupling under the spin and
p-spin symmetry has also been studied in Refs. [62] and [63].
Further, the nuclear properties have been studied by using ten-
sor couplings.[®*6%] Very recently, various types of potentials
like Hulthén!®®! and Woods—Saxon®”! including the Coulomb-
like potential have been studied with the conditions of spin and
p-spin symmetry. The p-spin symmetric solution of the Dirac—
Morse problem with the Coulomb-like tensor potential for any
spin—orbit quantum number k has been studied.[?!

In the present work, our aim is to present the analytical so-
lutions of the Dirac—RM problem with the Coulomb-like ten-
sor potential for arbitrary spin—orbit quantum number k that
is not large and vibrations of the small amplitude about the
minimum. This approximation has been introduced by Lu.[®!
and used in Ref. [70] to deal with the centrifugal term near the
minimum point r = re.

The rest of the present paper is structured as follows. In
Section 2, we outline the NU method. In Section 3, we obtain
the analytical spin and p-spin symmetric bound state solutions
of the (3+1)-dimensional Dirac equation for the RM potential
model including the Coulomb-like tensor (CLT) potential by
means of the NU method. Finally, the relevant conclusion is
given in Section 4.

2. Parametric generalization of the NU method

The NU method is used to solve second order differen-

tial equations with an appropriate coordinate transformation

s =s(r)28

wﬂﬂ+§”%®ﬂ-ﬁ”%m%ﬂ, @

5) o2 (s)
where o (s) and &(s) are polynomials, mostly second degree
ones, and 7(s) is a first-degree polynomial. To make the ap-
plication of the NU method simpler and direct without need-
ing to check the validity of solution, we present a shortcut
for the method. So, at first we write the general form of the
Schrodinger-like equation (2) in a more general form applica-

ble to any potential as follows:!!]

)+ (22 Yo+ (B =0,

s(cz3—cys) s2(c3—cys)?
satisfying the wave functions
Vn(s) = @ (s)yn(s)- )

Comparing Eq. (3) with its counterpart Eq. (2), we obtain the
following identifications:

T(s) =c1—cas, 0O(s) =s(c3—cas),

6(s) = —As*+Bs—C, (5)

where ¢; (i=1,2,3,4), A, B, and C are constant coefficients

to be found for the potential model. Following the NU

method,””®! we obtain the following,”!]

(i) the relevant constants

1 1
cs=x(z—cr),  co=5(c2—2ca),
c7 :c%—i-A, cg = 2c5¢6 — B,
o= c% +C, c10 = ca(c3cg + cac9) +C§C7,

2 2
ci1 = —+/C9, c3#0, ci2=——1/c10, c4 #0,
c3 C3C4
1 1
ci3=—(cs++/c9), c1a=—(y/cr0—cacs—c3cg),
c3 C3C4
2 1
s = Vel €16 = g(v010—0405_c3cﬁ); ©)
(ii) the essential polynomial functions:

1
7(s) :cs+ﬁ—g(C4\/5+\/cﬁ—C3cﬁ)s, @)

k= C%(C3Cg+264€9+2\/6ﬁ), 8)
T(s) = c3+24/cg — C%(C3C4 +cav/co++/cr0)s,  (9)
7(s)
(iii) the energy equation:
con — (2n+1)ce+ é(ZnJr 1)(v/c10+ cav/co)

1
+ n(n—1)csl + C—Z(C3Cg +2c4c9+24/c9cip) = 0; (11)
3

2
(c3¢4 + car/cog++/c10) < 0; (10)

= o

(iv) the wave functions
p(s) =5 (c3 —cqs)12, (12)
o(s) =5 (c3 —cas)M™, 13 >0, c14 >0, (13)
Vu(s) :P,SC“'C”)(Cg —2¢45), ¢11 > —1, c1p > —1,
s€[(e3—1)/2¢cs,(c3+1)/2cs], (14)
Vie(s) = Naes ™ 3 — cas) P12 (3 — 2ess), (15)
where Pﬁl“"’)(x), u>—1,v>—1,and x € [—1,1] are Jacobi
polynomials with

(a+1),

(o) -
P, (1-2s) = o

2F1(—n,1—|—a—|—[3+n; a+l;s), (16)

and N, is a normalization constant. When ¢4 = 0, the Ja-
cobi polynomial turns into the generalized Laguerre polyno-
mial and the constants relevant to this polynomial change are

lim PE,C”’C”)(Cg —2¢45) =L (cy55),
C4~>0

lim (c3 — c48) = exp(—cy69),
cg4—0

Yok (5) = Nuexp(—cies)Lit (c158), a7

where L' (c15s) are the generalized Laguerre polynomials
and N, i1s a normalization constant.
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3. Dirac bound states of the RM potential and
CLT potential

The Dirac equation for a particle of mass m moving in the
field of attractive radial scalar S(r), repulsive vector V (r), and
tensor U (r) potentials (in the relativistic units i = ¢ = 1) takes

the forml3>]

[c-p+B(m~+S8(r) +V(r)—iBa-rU(r)]y(r)
=Ey(r),
with E being the relativistic energy of the system, p=—iV is

(18)

the three-dimensional (3D) momentum operator and « and f3
represent the 4 x 4 usual Dirac matrices which are expressed
in terms of the three 2 x 2 Pauli matrices and the 2 x 2 unit
matrix, respectively. For spherical nuclei, the Dirac Hamil-
tonian commutes with the total angular momentum opera-
tor J = L + S and the spin—orbit coupling operator K =
—B(o-L+1) where L and S are the orbital momentum and
the spin momentum, respectively. The eigenvalues of the spin—
orbit coupling operator are Kk =/ > 0and xk = —(/+ 1) < 0 for
unaligned spin (j =1—1/2) and aligned (j =7+ 1/2), respec-
tively. Thus, the Dirac wave function takes the form

l FnK(r)Ys'm(eﬂ(p)
hc\T) = — | . 7 s
V() ( 1G,”<(r)Yljm(9,(p)
and Y;m

-
where Yljm(e7 o) (6, @) are the spin and p-spin spher-
ical harmonics, respectively. Fy(r) and G, (r) are the upper-

19)

and lower-spinor radial functions, respectively. Inserting
Eq. (19) into Eq. (18) and using the relationship [7?!
(0-A)(oc-B)=A-B+ioc-(AxB), (20a)
(- -L
a-p:a-r(r~p+i‘7 ) (20b)
r
and properties
(0 L)Y}, (6,0) = (k— 1Y}, (6,9),  (2la)
(0 L)Y}, (6,9) = —(x +1)Y},,(6,9),  (21b)
o-r\.j
Y Yljm(eﬁ(p) = _Y;m(ea(p)’ (21c)
oy "
(Z5)Y0(0,0) = —Y1,,(0.9). @1d)

we obtain the following two coupled differential equations sat-

isfying the upper and lower radial functions F;,(r) and G, (r)

(54 5 U0) Eaxlr) = (m ot E = A0)Guelr), @220
(& U(0)Golo) = (= B+ 20, 20

where the sum and difference potentials are defined as

X(r)=V(r)4+S(r) and A(r)=V(r)—S(r), (23)

respectively. Combining Egs. (22a) and (22b), we obtain the

second-order differential equations satisfying the radial func-

tions Fyc(r) and Gy (r), respectively!’374!

2
{% _@—’_ (ZTK _U(r) B %)U(}”) - [m+E"K_A(r)][m_EnK‘i‘E(}’)]
- m+Enlj—A(r) dflf”r) (% ; —U(r)) }Eﬂ((r) =0, (24)
2 J—
{ar — 0+ (=00 )00t = 40— B )
_m—Emj+2(r) dfly) (%_§+U(’>>}G"K(r) =0, (25)

where k(k+1) = I(I4+1) and x(x—1) = [(I+1). These
radial wave equations are required to satisfy the neces-
sary boundary conditions in the interval r € (0,0), i.e.,
Fouc(r=0) = G,x(0) =0 and Fy(r — o0) 220, G (r — o)
0.

~

3.1. Spin symmetric limit

Under the exact spin symmetric condition, we take the
sum potential, X(r), as the RM potential model, the difference
potential, A(r), as a constant, and the tensor potential, U(r),
as CLT potential. Then we have the following forms

—-2ar (1 —e
(1+ e—20r) (14 e—2ar)’

Alr) =, U(r):—g,

7205r)
Z(r) = —4v;

5+ V2

(26)

where Cs and H = Ze? / (47€) are two constants.

To find an approximate solution for the radial Dirac
equation with the RM potential, we need to use the Pekeris
approximation/®®73! for the spin—orbit centrifugal term near

the minimum point » = r, as

1 1 76_20” 76_20” 2
L peen S (Y e
2 rg{ 0+ 11—1—6*2‘“+ 2 1+ e2ar (272)
where
| 4 e 2are 8ore
D :1—( )( — (3+2a )
0 2(Xre 1+672are ( + re)
1_|_ef20£re
Dy ==2(e2 4 1) [3(—5—)
! (e +1) 20re
1+e—20¢re
— (3420 (7)}
(3+2ar) 20re
1—}-6720"3

D, :(eZare+1)2( )2

20,
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4ar,
X (3+20€r571+6772w€>, (27b)
and higher order terms are neglected. Inserting Eqs. (26) and
(27) and introducing a new parameter change z(r) = —e 2%,

we are allowed to decompose the spin-symmetric Dirac equa-
tion (24) into the Schrodinger-like equation in the spherical
coordinates for the upper-spinor component F,,(r) as follows:

2 (1-2) d | (=P +Prz—¢r) _
{dizz—kz(l—z)diz 22(1—z)? }F"K(Z)_O’
Fue(0) = Fpe(1) = 0, (284)
(28b)

1 /o - N
— 2
8,”( - 20; EDO _EHK+V2 > O,
1

w -
Bi= o3 53 (Do+ D1 +D2) ~ B = W) (28¢)
€
1 To ~ .
Bo= 13 |3 (2D0+ D1) ~2E3 471, (284)

where V| = Vi (m+Eyc —Cs), Va = Va(m+Epe — G), E2 =
(En+m—Cs)(Eye—m), and ® = (k+H)(x+H +1). Fur-
ther, the explicit forms of the constant D; (i = 1,2,3) are de-
fined in Refs. [69] and [70] and are expressed in terms of the
potential parameters. In order to solve Eq. (28a) by the NU
method, we should compare it with Eq. (2) to obtain the fol-
lowing particular values for the parameters:

T(z)=1-2z 0(z) =z(1—2),

6(2) = —Bi? + Pz — €. (29)
Comparing Eq. (29) with Eq. (5), we can easily obtain the co-
efficients ¢; (i = 1,2,3,4) and the analytical expressions A,
B, and C. However, the values of the coefficients ¢; (i =
5,6,...,16) are found from relationship (6). Therefore, the
specific values of the coefficients ¢; (i = 1,2,...,16) together
with A, B, and C are

ci=cp=c3=c4=1, ¢5=0, C6:_%7

1 ) 12
C7:Z+B17 s =P, 9 =€, 610:<5+§),
c11 = 2&ux, crp=ci5=20+1, C13 = Enx,s
cu=cie=0+1, A=pBi, B=Pps, CZE}%K‘)
5=;@4+¢LH;U§¥+MU) (30)

From Egs. (7)-(9) together with the coefficients given in
Eq. (30), we can calculate the essential parameters 7(z), k,

and 7(z) as
(z) = € — (1 + €1+ 0)z, 31)
k=P —[263 + (28 + 1), (32)
and
T(z) = 1+ 2& — (342 +20)z,
7(z) = —(3+2€u +268) <0, (33)
with prime denoting the derivative with respect to z. Equa-

tion (11) gives the energy equation for the RM potential in-
cluding the CLT potential in the Dirac theory as

(m+EnK - Cs)(m —Eux +V2)

_ oDy, o [—2v1 (m+ Enc —Cs)+@(Dy +Dy) /12
r2 402(n+8+1)

f(n+5+1)]2. (34)

Further, for the exact spin symmetric case, S(r) = V(r) or
Cs = 0, we obtain

(m +EnK) (m —Eux+ V2)

_ 7(;)12)0 az[—Zvl(m—ﬁ-EnK)—FED(Dl+D2)/Vg
r2 4a2(n+0+1)
—@+S+Dr,
with
5 = 8(C;—0)

1 1 wD,
- 2<—1+\/1+az(rg+4v1(m+E,,,<))>.

We now find the corresponding wave functions for this poten-
tial model. Referring to Egs. (12), (13), and (30), we find the
functions

pa) =2 (1-2)**, (39)
@(z) =2 (1—2)%*! £, >0, 8 > 0. (36)
Hence, equation (14) gives

_ d"
—2) (26+1) = [Z"+28nx(1 _ Z)n+26+1]

n = An ~2enx 1
ya(2) 7 m( i

_ pREm25+1) (| oy

28> —1,26+1>—1, z€[0,1], (37)

where Pg,# V)

(x) is the Jacobi polynomials with 4 > —1, v >
—1,and x € [-1,+1]. By using F,(z) = ¢(z)yn(z), we obtain

the radial upper-spinor wave functions from Eq. (15) as

FnK(r) = N, (_672(1")8";((1_’_672ar)5+1PI(12€nk725+1)(1+2672ar)
= Nux(e 2% (1 4 e 729" YOH L F (—nn42(gpc + 6 +1); 280+ 1; —e 2%, (38)

where the normalization constant has been calculated in Ref. [70]. The lower component G, (r) can be obtained as follows:{70!

GnK(r) = Nux

(_ e—Zar)gmc (1 + efzar)5+l

20(8+1)e 2% x

(m + Epx — Cs)

S (= T

X 2F1(—n,n—|—2(£,,,(+ o + 1);28n1<+ 1; _e—2ar)
040302-4
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2an[n+2(enK+5+1)](7e‘20")5"’“+1(1+e‘2“’)5+1

+Nn,([

where E,x # —m for exact spin symmetry. Hence, the
spin symmetric solution has only a positive energy spec-
trum. Here, it should be noted that the hypergeometric se-
ries 2Fy (—n,n+2(&c + 8 +1); 26, + 1; — e ~2%") terminates
for the n = 0 state and thus does not diverge for all values of

real parameters 6 and &,.

3.2. The P-spin symmetric limit

Inserting A(r) as the RM potential, X(r) as a constant,
and U(r) as a Coulomb-like tensor potential, i.e.,
=2ar (1
V.
(1—&-6720")2 2

Z(r) = Gps, U(7) :_§’

_ e—Zar)

(1 + efzar) ’

A(}’) = —4V1

(40)

into Eq. (25), we obtain the following Schrodinger-like equa-
tion for the lower-spinor component G (r):

d> (1-z) d (—pi12+prz—22

[dTZ Z((l_gdz+( B‘;Jff)z nK)}GnK(Z):O, (41a)
B = %, /%Do B2 41, >0, (41b)
_ 1 r@d I
Bi= g 3 (Po-+ D1+ D)~ B, (41¢)
1 e L
B = g ;2 2D0+ D) ~2E0 —a0 ] “1a)

where Vi = Vi (Eyc —m — Cps), Vo = Va(Epe —m — Cps), EZe =
(Eng —m—Cps)(Epc+m),and @ = (K +H)(k+H —1).

To avoid repetition in the solution of Eq. (41a), a first in-
spection for the relationship between the present set of param-
eters (E,x, B1, B) and the previous set (€., Bi, B2) indicates
that the negative energy solution for p-spin symmetry, where
S(r) = —=V(r), can be obtained directly from the above pos-
itive energy solution for spin symmetry by using parameter

mapping as follows:70!

Fouc(r) = Gue(r); V(r) = =V(r)(Vi = =V,V, = —W,);

Epe = —Epg; Cs — —Cps. (42)

(2&c + 1) (m+ Ep — Cs)
XoF (=n+1,n+2(€uc + 8 +3/2):2(&nxc + 1); —e 297,

(39)

Following the previous results with the above transformations,
we finally arrive at the energy equation

(m _EnK +Cp5)(m+EnK - V2)

_ @Dy az[zvl(m—EnﬁCpstD(Dl+Dz)/r§
r2 402(n+n+1)
2
~(n+n+1)], 3)
with
B 1 1 /®D> _
1”’—2(—1‘1‘\/14‘“2(’%4‘4‘/1)) (44)

By using G (r) = ¢(z)yn(z), we obtain the radial lower-
spinor wave functions as

Gmc(r) _ Nn (76—2ar)£‘m((1+e—2(xr)n+1

XP’(ESM,MH)(] +2€—2ar)’ (45)

where G (r) satisfies the restriction condition for the bound
states, i.e., 7 > 0 and &, > 0. The normalization constants
N, are calculated in Ref. [70].

To check our analytical expressions, we calculate the en-
ergy levels for the p-spin and spin cases in Tables 1 and 2,

respectively using the following set of parameter values:

m=1.0fm ' (1fm=10"%m), V; = 1.0 fm,

Vo =—1.0fm™ !, re =2.197224577 fm, o =0.25 fm™!,

C;=0fm™', and Cps = —6.0 fm~'.
In Table 1, we observe the degeneracy in the following dou-
blets (Isy2, 0d3/2), ( 1p3j2, Ofsp), (1dsn, Og7/2), (1f7,
Ohg/»), and so on. Thus, each pair is considered as a p-spin
doublet and has negative energy. In Table 2, we present the
energy spectrum for the spin symmetric case. Obviously, the
pairs (np1/2, np3s2), ( ndsjn, ndspy), (nfsj, niy)), (ngq),
ngg/2), and so forth are degenerate states. Thus, each pair is
considered as a spin doublet and has positive energy. The nu-
merical results in Tables 1 and 2 emphasize that the presence
of the CLT interaction removes degeneracies between spin and
p-spin state doublets.

Table 1. Energy levels in units of fm~! of the p-spin symmetry RM potential for several values of n and k with H = 0.5.

I' nx<0 (Lj) Epgco H#O0  Eyxco H=0 n—1,k>0 ([+2,j+1) E; 10 H#O0 Ey 10 H=0
1 1L—1 s, —1.903134794  —1.738772757 0,2 0dy —1.538608678 —1.738772757
2 1,-2  lIpy, —1538608678  —1.313563183, 0,3 0fs —1.071543282 —1.313563183
3 1,-3  1dsp; —1.071543282  —0.8177171059 0,4 0g7/2 —0.5554514514  —0.8177171059
4 1,—4  Ify, —0.5554514514 —0.2869876340 0,5 Ohg) —0.01385847616  —0.2869876340
1 2,-1 25, —1921760586  —1.745387730 1,2 1ds), —1.521903111 —1.745387730
2 2,-2  2py,  —1.521903111  —1.273143731 1,3 1fs —1.01005856 —1.273143731
3 2,-3  2ds;; —1.010058564  —0.7382341146 1,4 1g7), —0.4607283791  —0.7382341146
4 2,-4 267, —04607283791 —0.1793345097 1,5 lhy), 0.1048326489  —0.1793345097
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Table 2. Energy levels in units of fm ™! of the spin symmetry RM potential for several values of n and k with H = 0.5.

I nx<0 (,j=141/2) Eyxc0 H#0 Eyxco H=0 nx>0 (I,j=1-1/2) Eyxs0 H#0 E,xs=0 H=0
1 0, -2 Ops/2 0.1483955852  0.3935828782 0,1 Op1/2 0.6582373104  0.3935828782
2 0,-3 0ds /> 0.6582373104  0.9333946490 0,2 0d3» 1.214682872  0.9333946490
3 0,4 0f7 /2 1.214682872 1.499799551 0,3 0fs /5 1.787442858 1.499799551
4 0,-5 0go/2 1.787442858 2.076830625 0,4 0g7/2 2.367468347  2.076830625
1 1, -2 1p3 )2 0.2663841239  0.5510806494 1,1 Ip1)2 0.8381866907  0.5510806494
2 1, -3 1ds /> 0.8381866907  1.127479271 1,2 1d; )2 1.418299684 1.127479271
3 1, —4 1f7 1.418299684 1.710188317 1,3 s, 2.002843683 1.710188317
4 1, -5 1g9/2 2.002843683 2.296064965 1,4 1g72 2.589714652  2.296064965
=50 s — 087/ — 26, — Ihy), the spin doublet. In Fig. 2, the contribution of the screening
: ; 1 parameter ¢ to the p-spin doublet splitting is presented. It can
= 3gos2 —+ 2i112 . ' ’
6.0 ; . be seen that the magnitude of the energy difference between

3
& </<\.\ .
7.0 R

\\ ]
\ o]
—8.0
0 0.5 1.0 1.5
H

Fig. 1. (color online) The energy levels versus CLT strength H
in the p-spin symmetric case using the parameters m = 1.0 fm™!,
Cps = —6.0 fm™!, @ = 0.25 fm™!, ro = 2.197224577 fm, V; =
1.0fm™!, and V, = —1.0 fm~".

_el" 1ds/y — Ogzjo —— 2f7,5 — 1lhg
I~ R . 3g9/2 —— 2iy1/9
— 8~ \ .
—12 \t\\
—14
0.25 0.35 0.45 0.55 0.65
o

Fig. 2. (color online) Energy levels versus screening parameter o
in the p-spin symmetric case using the parameters m = 1.0 fm~!,
Cps = —6.0fm™', H=0.5, re = 2.197224577 fm, V; = 1.0 fm !,
and Vo = —1.0 fm!.

Finally, we plot the relativistic energy eigenvalues of the
RM potential and CLT potential with spin and p-spin symme-
try limitations in Figs. 1-4. Figures 1 and 2 show the varia-
tions of the energy level versus the Coulomb tensor strength
H and the screening parameter o respectively in the case of p-
spin symmetry considering the following pairs of orbital states
(1ds/2, 0g7/2), (2f72, 1hy ), (3892, 2i12). From Fig. 1, we
observe that in the case of H = 0 (no tensor interaction), mem-
bers of the p-spin doublets have the same energy. However, in
the presence of the tensor potential H # 0, these degeneracies
are removed. We can also see in Fig. 1 that p-spin doublet
splitting increases with H increasing. The reason for this is
that term 2k H gives different contributions to each level in the
spin doublet because H takes different values for each state in

members of the p-spin doublet decreases as ¢ increases.

Furthermore, in Figs. 3 and 4, we investigate the effects of
Coulomb tensor strength H and the screening parameter & on
the spin doublet splitting by considering the following orbital
pairs: (Ipy/2, 1p3/2), (1d3)3, 1ds)p), and (1fs)5, 1f7)5), and
one can observe that the results obtained in the spin symmet-
ric limit resemble the ones observed in the p-spin symmetric
limit.

3.0

+ 1p3/2 —1p1s2 —1ds/2 —Fld3/2

2.5 =
—1f7/9 +1W

2.0

. 4\/1-/

Eﬂi 1'5( 7 —

N

0.5F

' \
0 : .
=05 0.5 1.0 15

Fig. 3. (color online) Energy levels versus CLT strength H in the
spin symmetric case using the parameters m = 1.0 fm~!, C, =
0fm !, a=025fm™!, r. =2.197224577 fm, V; = 1.0 fm ™!,
and Vo = —1.0 fm~ .

14
12 + 1p3/2 —_— 1p1/2 — 1d5/2 — 1d3/2/F
10 . 1f7/2 — 1f5/2

<8

N
T
\

o

Fig. 4. (color online) Energy levels versus screening parameter o
in the spin symmetric case using the parameters m = 1.0 fm™!,
Cs=0fm™!, H=5.0, r. = 2.197224577 fm, V| = 1.0 fm~', and
Vo =-1.0fm .

4. Conclusion

We have obtained analytically the spin and p-spin sym-
metric energy eigenvalues and the corresponding wave func-
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tions of the Dirac—-RM problem with CLT potential in the
frame of the NU method. For any spin—orbit quantum number
K, we have also found the approximate expressions for the en-
ergy eigenvalues and associated wave functions in the closed
form. The numerical results indicate that the CLT interaction
removes degeneracies in the spin and p-spin state doublets.

The most stringent interesting result is that the present
spin and p-spin symmetric cases can be easily reduced to
the KG solution once S(r) = V(r) and S(r) = —V(r) (i.e.,
Cs = Cps = 0).1?! The resulting solutions of the wave func-
tions are expressed in terms of the generalized Jacobi poly-
nomials. Obviously, the relativistic solution can be reduced
to that in its non-relativistic limit case by choosing the ap-
propriate mapping transformations.!’’! Also, in the case with
spin—orbit quantum number k = 0, the problem reduces to the
s-wave solution.
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