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Approximate analytical bound-state solutions of the Dirac particle in the fields of attractive and repulsive Rosen–
Morse (RM) potentials including the Coulomb-like tensor (CLT) potential are obtained for arbitrary spin–orbit quantum
number κ . The Pekeris approximation is used to deal with the spin–orbit coupling terms κ(κ ±1)r−2. In the presence of
exact spin and pseudospin (p-spin) symmetries, the energy eigenvalues and the corresponding normalized two-component
wave functions are found by using the parametric generalization of the Nikiforov–Uvarov (NU) method. The numerical
results show that the CLT interaction removes degeneracies between the spin and p-spin state doublets.
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1. Introduction
In the framework of the Dirac equation, the spin symme-

try occurs when the difference between the scalar S(𝑟) and
vector V (𝑟) potentials is a constant, i.e., ∆(r) =Cs and the p-
spin symmetry occurs when the sum of the scalar and vector
potentials is a constant, i.e., Σ(r) = Cps.[1–3] The spin sym-
metry is relevant to mesons.[4] The p-spin symmetry concept
has been applied to many systems in nuclear physics and rele-
vant areas[2–7] and is used to explain the features of deformed
nuclei,[8] the super-deformation[9] and to establish an effec-
tive nuclear shell-model scheme.[5,6,10] The p-spin symmetry
introduced in nuclear theory refers to a quasi-degeneracy of
the single-nucleon doublets and can be characterized with the
non-relativistic quantum numbers (n, l, j = l+1/2) and (n−1,
l+2, j = l+3/2), where n, l, and j are the single-nucleon ra-
dial, orbital, and total angular momentum quantum numbers
for a single particle, respectively.[5,6] The total angular mo-
mentum is given as j = l̃ + s̃, where l̃ = l +1 is the p-angular
momentum and s̃ = 1/2 is the p-spin angular momentum. In
real nuclei, the p-spin symmetry is only an approximation, and
the extent of approximation depends on the p-centrifugal po-
tential and p-spin orbital potential.[11] Alhaidari et al.[12] in-
vestigated in detail the physical interpretation on the three-
dimensional Dirac equation in the context of spin symmetry
limitation ∆(r) = 0 and p-spin symmetry limitation Σ(r) = 0.

The exact solutions of the Dirac equation for the
exponential-type potentials are possible only for the s-wave
state (l = 0 case). However, for l-states an approximation
scheme needs to be used to deal with the centrifugal and p-

centrifugal terms. Many authors have used different meth-
ods to study the partially exactly solvable and exactly solvable
Schrödinger, Klein–Gordon (KG), Dirac, and semi-relativistic
Salpeter equations in one-, three-, and arbitrary dimensions
for different potentials.[13–25] In the context of a spatially-
dependent mass, we have also used a proposed approxima-
tion scheme[26,27] for the centrifugal term to find a quasi-
exact analytic bound-state solution of the radial KG equation
with spatially-dependent effective mass for scalar and vector
Hulthén potentials in any arbitrary dimension and orbital an-
gular momentum quantum number l within the framework of
the Nikiforov–Uvarov (NU) method.[26–29] For more informa-
tion, one can see Refs. [30]–[54].

Another physical potential is the Rosen–Morse (RM)
potential[55] expressed in the form

V (r) =−V1 sech2
αr+V2 tanhαr, (1)

where V1 and V2 denote the depths of the potential and α is
the range of the potential. The RM potential is useful for de-
scribing the interatomic interaction of the linear molecules and
is helpful for discussing polyatomic vibration energies such
as the vibration states of the NH3 molecule.[55] It is shown
that the RM potential and its PT-symmetric version are the
special cases of the five-parameter exponential-type potential
model.[56,57] The exact energy spectrum of the trigonometric
RM potential has been investigated by using supersymmetric
(SUSY) and improved quantization rule methods.[58,59]

Lisboa et al.[60] have studied a generalized relativistic har-
monic oscillator for spin-1/2 fermions by solving the Dirac
equation with quadratic vector and scalar potentials including
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a linear tensor potential with spin and p-spin symmetry. Fur-
ther, Akçay[61] has shown that the Dirac equation for scalar
and vector quadratic potentials and the Coulomb-like tensor
potential with spin and p-spin symmetry can be solved ex-
actly. In these investigations, it has been found that the ten-
sor interaction removes the degeneracy between two states in
the p-spin doublets. The tensor coupling under the spin and
p-spin symmetry has also been studied in Refs. [62] and [63].
Further, the nuclear properties have been studied by using ten-
sor couplings.[64,65] Very recently, various types of potentials
like Hulthén[66] and Woods–Saxon[67] including the Coulomb-
like potential have been studied with the conditions of spin and
p-spin symmetry. The p-spin symmetric solution of the Dirac–
Morse problem with the Coulomb-like tensor potential for any
spin–orbit quantum number κ has been studied.[68]

In the present work, our aim is to present the analytical so-
lutions of the Dirac–RM problem with the Coulomb-like ten-
sor potential for arbitrary spin–orbit quantum number κ that
is not large and vibrations of the small amplitude about the
minimum. This approximation has been introduced by Lu.[69]

and used in Ref. [70] to deal with the centrifugal term near the
minimum point r = re.

The rest of the present paper is structured as follows. In
Section 2, we outline the NU method. In Section 3, we obtain
the analytical spin and p-spin symmetric bound state solutions
of the (3+1)-dimensional Dirac equation for the RM potential
model including the Coulomb-like tensor (CLT) potential by
means of the NU method. Finally, the relevant conclusion is
given in Section 4.

2. Parametric generalization of the NU method
The NU method is used to solve second order differen-

tial equations with an appropriate coordinate transformation
s = s(r)[28]

ψ
′′
n (s)+

τ̃(s)
σ(s)

ψ
′
n(s)+

σ̃(s)
σ2(s)

ψn(s) = 0, (2)

where σ(s) and σ̃(s) are polynomials, mostly second degree
ones, and τ̃(s) is a first-degree polynomial. To make the ap-
plication of the NU method simpler and direct without need-
ing to check the validity of solution, we present a shortcut
for the method. So, at first we write the general form of the
Schrödinger-like equation (2) in a more general form applica-
ble to any potential as follows:[71]

ψ
′′
n (s)+

( c1−c2s
s(c3−c4s)

)
ψ
′
n(s)+

(−As2+Bs−C
s2(c3−c4s)2

)
ψn(s)=0, (3)

satisfying the wave functions

ψn(s) = φ(s)yn(s). (4)

Comparing Eq. (3) with its counterpart Eq. (2), we obtain the
following identifications:

τ̃(s) = c1− c2s, σ(s) = s(c3− c4s),

σ̃(s) =−As2 +Bs−C, (5)

where ci (i = 1,2,3,4), A, B, and C are constant coefficients
to be found for the potential model. Following the NU
method,[28] we obtain the following,[71]

(i) the relevant constants

c5 =
1
2
(c3− c1), c6 =

1
2
(c2−2c4),

c7 = c2
6 +A, c8 = 2c5c6−B,

c9 = c2
5 +C, c10 = c4(c3c8 + c4c9)+ c2

3c7,

c11 =
2
c3

√
c9, c3 6= 0, c12 =

2
c3c4

√
c10, c4 6= 0,

c13 =
1
c3
(c5 +

√
c9), c14 =

1
c3c4

(
√

c10− c4c5− c3c6),

c15 =
2
c3

√
c10, c16 =

1
c3
(
√

c10− c4c5− c3c6); (6)

(ii) the essential polynomial functions:

π(s) = c5 +
√

c9−
1
c3
(c4
√

c9 +
√

c10− c3c6)s, (7)

k =− 1
c2

3
(c3c8 +2c4c9 +2

√
c9c10), (8)

τ(s) = c3 +2
√

c9−
2
c3
(c3c4 + c4

√
c9 +
√

c10)s, (9)

τ
′(s) =− 2

c3
(c3c4 + c4

√
c9 +
√

c10)< 0; (10)

(iii) the energy equation:

c2n − (2n+1)c6 +
1
c3
(2n+1)(

√
c10 + c4

√
c9)

+ n(n−1)c41+
1
c2

3
(c3c8 +2c4c9 +2

√
c9c10) = 0; (11)

(iv) the wave functions

ρ(s) = sc11(c3− c4s)c12 , (12)

ϕ(s) = sc13(c3− c4s)c14 , c13 > 0, c14 > 0, (13)

yn(s) = P(c11,c12)
n (c3−2c4s), c11 >−1, c12 >−1,

s ∈ [(c3−1)/2c4,(c3 +1)/2c4], (14)

ψnκ(s) = Nnκ sc13(c3− c4s)c14 P(c11,c12)
n (c3−2c4s), (15)

where P(µ,ν)
n (x), µ > −1, ν > −1, and x ∈ [−1,1] are Jacobi

polynomials with

P(α,β )
n (1−2s) =

(α+1)n

n! 2
F1(−n,1+α+β+n; α+1; s), (16)

and Nnκ is a normalization constant. When c4 = 0, the Ja-
cobi polynomial turns into the generalized Laguerre polyno-
mial and the constants relevant to this polynomial change are

lim
c4→0

P(c11,c12)
n (c3−2c4s) = Lc11

n (c15s),

lim
c4→0

(c3− c4s)c14 = exp(−c16s),

ψnκ(s) = Nnκ exp(−c16s)Lc11
n (c15s), (17)

where Lc11
n (c15s) are the generalized Laguerre polynomials

and Nnκ is a normalization constant.

040302-2



Chin. Phys. B Vol. 22, No. 4 (2013) 040302

3. Dirac bound states of the RM potential and
CLT potential
The Dirac equation for a particle of mass m moving in the

field of attractive radial scalar S(r), repulsive vector V (r), and
tensor U(r) potentials (in the relativistic units h̄ = c = 1) takes
the form[35]

[𝛼 ·𝑝+β (m+S(r))+V (r)− iβ𝛼 ·⌢rU(r)]ψ(𝑟)

= Eψ(𝑟), (18)

with E being the relativistic energy of the system, 𝑝=−i∇ is
the three-dimensional (3D) momentum operator and 𝛼 and β

represent the 4× 4 usual Dirac matrices which are expressed
in terms of the three 2× 2 Pauli matrices and the 2× 2 unit
matrix, respectively. For spherical nuclei, the Dirac Hamil-
tonian commutes with the total angular momentum opera-
tor 𝐽 = 𝐿+ 𝑆 and the spin–orbit coupling operator 𝐾 =

−β (𝜎 ·𝐿+1) where 𝐿 and 𝑆 are the orbital momentum and
the spin momentum, respectively. The eigenvalues of the spin–
orbit coupling operator are κ = l > 0 and κ =−(l+1)< 0 for
unaligned spin ( j = l−1/2) and aligned ( j = l+1/2), respec-
tively. Thus, the Dirac wave function takes the form

ψnκ(𝑟) =
1
r

(
Fnκ(r)Yl

jm(θ ,ϕ)

iGnκ(r)Yl̃
jm(θ ,ϕ)

)
, (19)

where Yl
jm(θ ,ϕ) and Yl̃

jm(θ ,ϕ) are the spin and p-spin spher-
ical harmonics, respectively. Fnκ(r) and Gnκ(r) are the upper-

and lower-spinor radial functions, respectively. Inserting
Eq. (19) into Eq. (18) and using the relationship [72]

(𝜎 ·𝐴)(𝜎 ·𝐵) =𝐴 ·𝐵+ i𝜎 · (𝐴×𝐵), (20a)

𝜎 ·𝑝= 𝜎 ·⌢r
(
⌢r ·𝑝+ i

𝜎 ·𝐿
r

)
, (20b)

and properties

(𝜎 ·𝐿)Yl̃
jm(θ ,ϕ) = (κ−1)Yl̃

jm(θ ,ϕ), (21a)

(𝜎 ·𝐿)Yl
jm(θ ,ϕ) =−(κ +1)Yl

jm(θ ,ϕ), (21b)(
σ · r

r

)
Yl̃

jm(θ ,ϕ) =−Yl
jm(θ ,ϕ), (21c)(

σ · r
r

)
Yl

jm(θ ,ϕ) =−Yl̃
jm(θ ,ϕ), (21d)

we obtain the following two coupled differential equations sat-
isfying the upper and lower radial functions Fnκ(r) and Gnκ(r)
as ( d

dr
+

κ

r
−U(r)

)
Fnκ(r) = (m+E−∆(r))Gnκ(r), (22a)( d

dr
− κ

r
+U(r)

)
Gnκ(r) = (m−E +Σ(r))Fnκ(r), (22b)

where the sum and difference potentials are defined as

Σ(r) =V (r)+S(r) and ∆(r) =V (r)−S(r), (23)

respectively. Combining Eqs. (22a) and (22b), we obtain the
second-order differential equations satisfying the radial func-
tions Fnκ(r) and Gnκ(r), respectively[73,74]

{ d2

dr2 −
κ(κ +1)

r2 +
(2κ

r
−U(r)− d

dr

)
U(r)− [m+Enκ −∆(r)][m−Enκ +Σ(r)]

+
1

m+Enκ −∆(r)
d∆(r)

dr

( d
dr

+
κ

r
−U(r)

)}
Fnκ(r) = 0, (24){ d2

dr2 −
κ(κ−1)

r2 +
(2κ

r
−U(r)+

d
dr

)
U(r)− [(m+Enκ −∆(r))(m−Enκ +Σ(r))]

− 1
m−Enκ +Σ(r)

dΣ(r)
dr

( d
dr
− κ

r
+U(r)

)}
Gnκ(r) = 0, (25)

where κ(κ +1) = l(l +1) and κ(κ−1) = l̃(l̃ +1). These
radial wave equations are required to satisfy the neces-
sary boundary conditions in the interval r ∈ (0,∞), i.e.,
Fnκ(r = 0) = Gnκ(0) = 0 and Fnκ(r→ ∞)∼= 0, Gnκ(r→ ∞)∼=
0.

3.1. Spin symmetric limit

Under the exact spin symmetric condition, we take the
sum potential, Σ(r), as the RM potential model, the difference
potential, ∆(r), as a constant, and the tensor potential, U(r),
as CLT potential. Then we have the following forms

Σ(r) =−4V1
e−2αr

(1+ e−2αr)2 +V2
(1− e−2αr)

(1+ e−2αr)
,

∆(r) =Cs, U(r) =−H
r
, (26)

where Cs and H = Ze2/(4πε0) are two constants.

To find an approximate solution for the radial Dirac

equation with the RM potential, we need to use the Pekeris

approximation[69,75] for the spin–orbit centrifugal term near

the minimum point r = re as

1
r2 ≈

1
r2

e

[
D0 +D1

−e−2αr

1+ e−2αr +D2

( −e−2αr

1+ e−2αr

)2]
, (27a)

where

D0 =1−
(1+ e−2αre

2αre

)( 8αre

1+ e−2αre
− (3+2αre)

)
,

D1 =−2(e2αre +1)
[
3
(1+ e−2αre

2αre

)
− (3+2αre)

(1+ e−2αre

2αre

)]
,

D2 =(e2αre +1)2
(1+ e−2αre

2αre

)2
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×
(

3+2αre−
4αre

1+ e−2αre

)
, (27b)

and higher order terms are neglected. Inserting Eqs. (26) and
(27) and introducing a new parameter change z(r) =−e−2αr,
we are allowed to decompose the spin-symmetric Dirac equa-
tion (24) into the Schrödinger-like equation in the spherical
coordinates for the upper-spinor component Fnκ(r) as follows:

[ d2

dz2 +
(1− z)
z(1− z)

d
dz

+
(−β1z2 +β2z− ε2

nκ)

z2(1− z)2

]
Fnκ(z) = 0,

Fnκ(0) = Fnκ(1) = 0, (28a)

εnκ =
1

2α

√
ω

r2
e

D0− Ẽ2
nκ +Ṽ2 > 0, (28b)

β1 =
1

4α2

[
ω

r2
e
(D0 +D1 +D2)− Ẽ2

nκ −Ṽ2

]
, (28c)

β2 =
1

4α2

[
ω

r2
e
(2D0 +D1)−2Ẽ2

nκ −4Ṽ1

]
, (28d)

where Ṽ1 = V1(m+Enκ −Cs), Ṽ2 = V2(m+Enκ −Cs), Ẽ2
nκ =

(Enκ +m−Cs)(Enκ −m), and ω = (κ +H)(κ +H +1). Fur-
ther, the explicit forms of the constant Di (i = 1,2,3) are de-
fined in Refs. [69] and [70] and are expressed in terms of the
potential parameters. In order to solve Eq. (28a) by the NU
method, we should compare it with Eq. (2) to obtain the fol-
lowing particular values for the parameters:

τ̃(z) = 1− z, σ(z) = z(1− z),

σ̃(z) =−β1z2 +β2z− ε
2
nκ . (29)

Comparing Eq. (29) with Eq. (5), we can easily obtain the co-
efficients ci (i = 1,2,3,4) and the analytical expressions A,
B, and C. However, the values of the coefficients ci (i =
5,6, . . . ,16) are found from relationship (6). Therefore, the
specific values of the coefficients ci (i = 1,2, . . . ,16) together
with A, B, and C are

c1 = c2 = c3 = c4 = 1, c5 = 0, c6 =−
1
2
,

c7 =
1
4
+β1, c8 =−β2, c9 = ε

2
nκ , c10 =

(
δ +

1
2

)2
,

c11 = 2εnκ , c12 = c15 = 2δ +1, c13 = εnκ ,

c14 = c16 = δ +1, A = β1, B = β2, C = ε
2
nκ ,

δ =
1
2

(
−1+

√
1+

1
α2 (

ωD2

r2
e

+4Ṽ1)
)
. (30)

From Eqs. (7)–(9) together with the coefficients given in
Eq. (30), we can calculate the essential parameters π(z), k,

and τ(z) as

π(z) = εnκ − (1+ εnκ +δ )z, (31)

k = β2− [2ε
2
nκ +(2δ +1)εnκ ], (32)

and

τ(z) = 1+2εnκ − (3+2εnκ +2δ )z,

τ
′(z) =−(3+2εnκ +2δ )< 0, (33)

with prime denoting the derivative with respect to z. Equa-
tion (11) gives the energy equation for the RM potential in-
cluding the CLT potential in the Dirac theory as

(m+Enκ −Cs)(m−Enκ +V2)

= −ωD0

r2
e

+α
2
[−2V1(m+Enκ −Cs)+ω(D1 +D2)/r2

e

4α2(n+δ +1)

−(n+δ +1)
]2
. (34)

Further, for the exact spin symmetric case, S(𝑟) = V (𝑟) or
Cs = 0, we obtain

(m+Enκ)(m−Enκ +V2)

= −ωD0

r2
e

+α
2
[−2V1(m+Enκ)+ω(D1 +D2)/r2

e

4α2(n+ δ̃ +1)

−(n+ δ̃ +1)
]2
,

with

δ̃ = δ (Cs→ 0)

=
1
2

(
−1+

√
1+

1
α2

(
ωD2

r2
e

+4V1(m+Enκ)
))

.

We now find the corresponding wave functions for this poten-
tial model. Referring to Eqs. (12), (13), and (30), we find the
functions

ρ(z) = z2εnκ (1− z)2δ+1, (35)

ϕ(z) = zεnκ (1− z)δ+1, εnκ > 0, δ > 0. (36)

Hence, equation (14) gives

yn(z) = Anz−2εnκ (1− z)−(2δ+1) dn

dzn [z
n+2εnκ (1− z)n+2δ+1]

= P(2εnκ ,2δ+1)
n (1−2z),

2εnκ >−1, 2δ +1 >−1, z ∈ [0,1], (37)

where P(µ,ν)
n (x) is the Jacobi polynomials with µ > −1, ν >

−1, and x ∈ [−1,+1]. By using Fnκ(z) = ϕ(z)yn(z), we obtain
the radial upper-spinor wave functions from Eq. (15) as

Fnκ(r) = Nnκ(−e−2αr)εnκ (1+ e−2αr)δ+1P(2εnκ ,2δ+1)
n (1+2e−2αr)

= Nnκ(e−2αr)εnκ (1+ e−2αr)δ+1
2F1(−n,n+2(εnκ +δ +1); 2εnκ +1; −e−2αr), (38)

where the normalization constant has been calculated in Ref. [70]. The lower component Gnκ(r) can be obtained as follows:[70]

Gnκ(r) = Nnκ

(−e−2αr)εnκ (1+ e−2αr)δ+1

(m+Enκ −Cs)

[
−2αεnκ −

2α(δ +1)e−2αr

(1+ e−2αr)
+

κ

r

]
×2F1(−n,n+2(εnκ +δ +1);2εnκ +1;−e−2αr)

040302-4



Chin. Phys. B Vol. 22, No. 4 (2013) 040302

+Nnκ

[2αn[n+2(εnκ +δ +1)](−e−2αr)εnκ+1(1+ e−2αr)δ+1

(2εnκ +1)(m+Enκ −Cs)

]
×2F1(−n+1,n+2(εnκ +δ +3/2);2(εnκ +1);−e−2αr), (39)

where Enκ 6= −m for exact spin symmetry. Hence, the
spin symmetric solution has only a positive energy spec-
trum. Here, it should be noted that the hypergeometric se-
ries 2F1(−n,n+2(εnκ +δ +1);2εnκ +1;−e−2αr) terminates
for the n = 0 state and thus does not diverge for all values of
real parameters δ and εnκ .

3.2. The P-spin symmetric limit

Inserting ∆(r) as the RM potential, Σ(r) as a constant,
and U(r) as a Coulomb-like tensor potential, i.e.,

∆(r) = −4V1
e−2αr

(1+ e−2αr)2 +V2
(1− e−2αr)

(1+ e−2αr)
,

Σ(r) = Cps, U(r) =−H
r
, (40)

into Eq. (25), we obtain the following Schrödinger-like equa-
tion for the lower-spinor component Gnκ(r):[ d2

dz2 +
(1− z)
z(1− z)

d
dz

+
(−β̄1z2+β̄2z−ε̄2

nκ)

z2(1− z)2

]
Gnκ(z) = 0, (41a)

ε̄nκ =
1

2α

√
ω̄

r2
e

D0− Ē2
nκ +V̄2 > 0, (41b)

β̄1 =
1

4α2

[
ω̄

r2
e
(D0 +D1 +D2)− Ē2

nκ −V̄2

]
, (41c)

β̄2 =
1

4α2

[
ω̄

r2
e
(2D0 +D1)−2Ē2

nκ −4V̄1

]
, (41d)

where V̄1 =V1(Enκ −m−Cps), V̄2 =V2(Enκ −m−Cps), Ē2
nκ =

(Enκ −m−Cps)(Enκ +m), and ω̄ = (κ +H)(κ +H−1).
To avoid repetition in the solution of Eq. (41a), a first in-

spection for the relationship between the present set of param-
eters (ε̄nκ , β̄1, β̄2) and the previous set (εnκ , β1, β2) indicates
that the negative energy solution for p-spin symmetry, where
S(𝑟) = −V (𝑟), can be obtained directly from the above pos-
itive energy solution for spin symmetry by using parameter
mapping as follows:[70]

Fnκ(r)→ Gnκ(r); V (r)→−V (r)(V1→−V1,V2→−V2);

Enκ →−Enκ ; Cs→−Cps. (42)

Following the previous results with the above transformations,
we finally arrive at the energy equation

(m−Enκ +Cps)(m+Enκ −V2)

= − ω̄D0

r2
e

+α
2
[2V1(m−Enκ +Cps)+ ω̄(D1 +D2)/r2

e

4α2(n+η +1)

−(n+η +1)
]2
, (43)

with

η =
1
2

(
−1+

√
1+

1
α2

(
ω̄D2

r2
e

+4V̄1

))
. (44)

By using Gnκ(r) = ϕ(z)yn(z), we obtain the radial lower-
spinor wave functions as

Gnκ(r) = Ñnκ(−e−2αr)ε̄nκ (1+ e−2αr)η+1

×P(2ε̄nκ ,2η+1)
n (1+2e−2αr), (45)

where Gnκ(r) satisfies the restriction condition for the bound
states, i.e., η > 0 and ε̄nκ > 0. The normalization constants
Ñnκ are calculated in Ref. [70].

To check our analytical expressions, we calculate the en-
ergy levels for the p-spin and spin cases in Tables 1 and 2,
respectively using the following set of parameter values:

m = 1.0 fm−1 (1 fm = 10−15 m), V1 = 1.0 fm,

V2 =−1.0 fm−1, re = 2.197224577 fm, α = 0.25 fm−1,

Cs = 0 fm−1, and Cps =−6.0 fm−1.

In Table 1, we observe the degeneracy in the following dou-
blets (1s1/2, 0d3/2), ( 1p3/2, 0f5/2), (1d5/2, 0g7/2), (1f7/2,
0h9/2), and so on. Thus, each pair is considered as a p-spin
doublet and has negative energy. In Table 2, we present the
energy spectrum for the spin symmetric case. Obviously, the
pairs (np1/2, np3/2), ( nd3/2, nd5/2), (nf5/2, nf7/2), (ng7/2,
ng9/2), and so forth are degenerate states. Thus, each pair is
considered as a spin doublet and has positive energy. The nu-
merical results in Tables 1 and 2 emphasize that the presence
of the CLT interaction removes degeneracies between spin and
p-spin state doublets.

Table 1. Energy levels in units of fm−1 of the p-spin symmetry RM potential for several values of n and κ with H = 0.5.

l̃ n,κ < 0 (l, j) En,κ<0 H 6= 0 En,κ<0 H = 0 n−1,κ > 0 (l +2, j+1) En−1,κ>0 H 6= 0 En−1,κ>0 H = 0

1 1, −1 1s1/2 −1.903134794 −1.738772757 0, 2 0d3/2 −1.538608678 −1.738772757

2 1, −2 1p3/2 −1.538608678 −1.313563183 , 0, 3 0f5/2 −1.071543282 −1.313563183

3 1, −3 1d5/2 −1.071543282 −0.8177171059 0, 4 0g7/2 −0.5554514514 −0.8177171059

4 1, −4 1f7/2 −0.5554514514 −0.2869876340 0, 5 0h9/2 −0.01385847616 −0.2869876340

1 2, −1 2s1/2 −1.921760586 −1.745387730 1, 2 1d3/2 −1.521903111 −1.745387730

2 2, −2 2p3/2 −1.521903111 −1.273143731 1, 3 1f5/2 −1.01005856 −1.273143731

3 2, −3 2d5/2 −1.010058564 −0.7382341146 1, 4 1g7/2 −0.4607283791 −0.7382341146

4 2, −4 2f7/2 −0.4607283791 −0.1793345097 1, 5 1h9/2 0.1048326489 −0.1793345097
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Table 2. Energy levels in units of fm−1 of the spin symmetry RM potential for several values of n and κ with H = 0.5.

l n,κ < 0 (l, j = l +1/2) En,κ<0 H 6= 0 En,κ<0 H = 0 n,κ > 0 (l, j = l−1/2) En,κ>0 H 6= 0 En,κ>0 H = 0

1 0, −2 0p3/2 0.1483955852 0.3935828782 0, 1 0p1/2 0.6582373104 0.3935828782
2 0, −3 0d5/2 0.6582373104 0.9333946490 0, 2 0d3/2 1.214682872 0.9333946490
3 0, −4 0f7/2 1.214682872 1.499799551 0, 3 0f5/2 1.787442858 1.499799551
4 0, −5 0g9/2 1.787442858 2.076830625 0, 4 0g7/2 2.367468347 2.076830625
1 1, −2 1p3/2 0.2663841239 0.5510806494 1, 1 1p1/2 0.8381866907 0.5510806494

2 1, −3 1d5/2 0.8381866907 1.127479271 1, 2 1d3/2 1.418299684 1.127479271

3 1, −4 1f7/2 1.418299684 1.710188317 1, 3 1f5/2 2.002843683 1.710188317

4 1, −5 1g9/2 2.002843683 2.296064965 1, 4 1g7/2 2.589714652 2.296064965

-8.0

-7.0

-6.0

-5.0

0 0.5 1.0 1.5

H

1d5/2 0g7/2 2f7/2 1h9/2

3g9/2 2i11/2

E
n

↪ 
κ

Fig. 1. (color online) The energy levels versus CLT strength H
in the p-spin symmetric case using the parameters m = 1.0 fm−1,
Cps = −6.0 fm−1, α = 0.25 fm−1, re = 2.197224577 fm, V1 =

1.0 fm−1, and V2 =−1.0 fm−1.

0.25 0.35 0.45 0.55 0.65

-14

-12

-10

-8

-6
1d5/2 0g7/2 2f7/2 1h9/2

3g9/2 2i11/2

α

E
n

↪ 
κ

Fig. 2. (color online) Energy levels versus screening parameter α

in the p-spin symmetric case using the parameters m = 1.0 fm−1,
Cps =−6.0 fm−1, H = 0.5, re = 2.197224577 fm, V1 = 1.0 fm−1,
and V2 =−1.0 fm−1.

Finally, we plot the relativistic energy eigenvalues of the
RM potential and CLT potential with spin and p-spin symme-
try limitations in Figs. 1–4. Figures 1 and 2 show the varia-
tions of the energy level versus the Coulomb tensor strength
H and the screening parameter α respectively in the case of p-
spin symmetry considering the following pairs of orbital states
(1d5/2, 0g7/2), (2f7/2, 1h9/2), (3g9/2, 2i11/2). From Fig. 1, we
observe that in the case of H = 0 (no tensor interaction), mem-
bers of the p-spin doublets have the same energy. However, in
the presence of the tensor potential H 6= 0, these degeneracies
are removed. We can also see in Fig. 1 that p-spin doublet
splitting increases with H increasing. The reason for this is
that term 2κH gives different contributions to each level in the
spin doublet because H takes different values for each state in

the spin doublet. In Fig. 2, the contribution of the screening
parameter α to the p-spin doublet splitting is presented. It can
be seen that the magnitude of the energy difference between
members of the p-spin doublet decreases as α increases.

Furthermore, in Figs. 3 and 4, we investigate the effects of
Coulomb tensor strength H and the screening parameter α on
the spin doublet splitting by considering the following orbital
pairs: (1p1/2, 1p3/2), (1d3/2, 1d5/2), and (1f5/2, 1f7/2), and
one can observe that the results obtained in the spin symmet-
ric limit resemble the ones observed in the p-spin symmetric
limit.

0 0.5 1.0 1.5
-0.5
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1.0

1.5

2.0

2.5

3.0

H

1p3/2 1p1/2 1d5/2 1d3/2

1f7/2 1f5/2

E
n

↪ 
κ

Fig. 3. (color online) Energy levels versus CLT strength H in the
spin symmetric case using the parameters m = 1.0 fm−1, Cs =
0 fm−1, α = 0.25 fm−1, re = 2.197224577 fm, V1 = 1.0 fm−1,
and V2 =−1.0 fm−1.
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1p3/2 1p1/2 1d5/2 1d3/2

1f7/2 1f5/2

Fig. 4. (color online) Energy levels versus screening parameter α

in the spin symmetric case using the parameters m = 1.0 fm−1,
Cs = 0 fm−1, H = 5.0, re = 2.197224577 fm, V1 = 1.0 fm−1, and
V2 =−1.0 fm−1.

4. Conclusion
We have obtained analytically the spin and p-spin sym-

metric energy eigenvalues and the corresponding wave func-
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tions of the Dirac–RM problem with CLT potential in the
frame of the NU method. For any spin–orbit quantum number
κ , we have also found the approximate expressions for the en-
ergy eigenvalues and associated wave functions in the closed
form. The numerical results indicate that the CLT interaction
removes degeneracies in the spin and p-spin state doublets.

The most stringent interesting result is that the present
spin and p-spin symmetric cases can be easily reduced to
the KG solution once S(𝑟) = V (𝑟) and S(𝑟) = −V (𝑟) (i.e.,
Cs = Cps = 0).[62] The resulting solutions of the wave func-
tions are expressed in terms of the generalized Jacobi poly-
nomials. Obviously, the relativistic solution can be reduced
to that in its non-relativistic limit case by choosing the ap-
propriate mapping transformations.[70] Also, in the case with
spin–orbit quantum number κ = 0, the problem reduces to the
s-wave solution.
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