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A simple and efficient methodology is developed for computing nonlinear stress–strain curve of unidirec-
tional fibrous nano-composites loaded in the direction of the perfectly aligned fibers. The method, based
on shear lag analysis and derived from basic principles of continuum micromechanics, incorporates shear
stick–slip constitutive law at the fiber–matrix interface. The matrix is modeled as elastic–plastic with lin-
ear isotropic strain hardening. The approach thus predicts the nonlinear behavior of the composite
stress–strain curve due to both interfacial shear slippage of reinforcement fibers within the matrix and
due to spread of plasticity within the matrix. The proposed method is compared to experimental results
on aligned fibrous nano-composites and very good agreement is obtained when low values of interfacial
shear strength are used. The study shows that when the interfacial bond between the matrix and the fiber
is strong, higher stress concentration leads to spread of plasticity in the composite at lower bulk strains.
However, when the bond is weak, interfacial slippage causes a relief in the accumulation of stress in the
matrix. Both factors seem to provide reasonable explanation for the observed nonlinearity and improved
stiffness of the composite. A set of parametric studies is also performed and the proposed method is com-
pared to existing models.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The discovery of Carbon Nanotubes (CNTs) in early 1990s opened
many doors for their potential use in nano-composite materials and
that is due to their superior and unique characteristics. Many
attempts were made for predicting the elastic modulus of nano-
composites, and those ranged from simplified hand-calculation
methods to complex and detailed numerical finite element/differ-
ence methods. A comprehensive survey of the methods used for
modeling nano-composites can be found in Hu et al. [1]. Most of
these methods provide only the initial tangent stiffness of the com-
posite and do not fully capture the nonlinear behavior of the com-
posite due to slippage of the nano-fiber reinforcements or due to
the yielding of the constituents. This is mainly because either full
bond or partial bond was assumed between the fibers and matrix.
The methods that assume a realistic interaction between fibers
and matrix (such as frictional–stick–slip) resulted in complex finite
difference equations for the response that are difficult and time-
consuming to solve.

Atomic Force Microscopic (AFM) techniques revealed that be-
cause of the nature of graphite surface (of which the CNT are made)
ll rights reserved.
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an AFM tip, when pressed on the graphite surface, moves in a
stick–slip manner with sliding occurring suddenly when the ap-
plied load exceeds certain threshold [2,3]. This can be attributed
to the geometrical configuration of the carbon atoms of the graph-
ite surface with the regular grid of high-low potentials. Given this
behavior one can speculate that a stick–slip motion is also possible
on the points of contact between the polymer chains and the
graphite surface of the CNTs. Spitas and Spitas [4] explained a
stick–slip behavior of nano-composite and showed that the inter-
face stick–slip behavior affects the nonlinearity, and thus the hys-
teresis, of the nano-composite. From the finite element simulations
[4] of a representative volume element ‘RVE’, it was found that the
shear slip is maximal at the fiber tip and reduces drastically as we
go towards the center of the fiber. This interfacial slippage provides
a mechanism through which the energy can be dissipated and thus
leads to a better damping behavior of the nano-composite [5]. The
shear stress at the interface will increase with the slippage until
the adhesion/bond strength between the CNT and the matrix is ex-
ceeded then sliding is initiated thus releasing the interface energy
[6–8].

A comprehensive survey of the methods used for modeling
nano-composites can be found in [3,14]. Most existing models
assume either full or partial bond between the fibers and matrix.
Among the famous methods used to model nano-composites are
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the Mori–Tanaka model that is based on Eshelby inclusion theory
and Halpin-Tsai model that is an interpretation of Hill’s potential
theory. A thorough review of these models can be found in [3,9–
15]. These models seem to be universal in their assumptions and
can account for various configurations of fiber aspect ratio, fiber
orientation, volume fraction, and elastic properties of the different
phases in the composite. However, they only generate initial tan-
gent elastic moduli of the composite (Young and Shear moduli in
orthotropic scenario) and do not trace the nonlinearity in the
stress–strain curve of the composite. Further, in these models,
the interaction between the fibers and the matrix is generally ac-
counted for through empirically-determined efficiency factors. In
addition, incorporating the nonlinear effects of plasticity or stick–
slip at the interface in these models is cumbersome and requires
fundamental revision. The methods that assume a realistic interac-
tion between fibers and matrix (such as frictional–stick–slip, shear
lag models, and interphase models) generally lead to complex fi-
nite difference equations for the response that are difficult and
time-consuming to solve. Such complexity of existing models
makes them even more tedious for use on the macro-scale model-
ing through the computationally demanding stochastic finite ele-
ment methods, for instance.

Motivated by the need to have an efficient and computationally
fast approach for modeling the nonlinear behavior of fibrous nano-
composites, the authors sought to develop a simplified analytical
model for predicting nonlinear stress–strain curve of unidirec-
tional fibrous nano-composites. The proposed model is derived
from basic principles of equilibrium and compatibility of unidirec-
tional fibers and takes into account the effect of length and diam-
eter of the fiber, volume fraction and mechanical properties of the
constituents. Thus, the model can accommodate different types of
carbon nanotubes (either single-walled ‘SWCNT’ or multi-walled
‘MWCNT’) by adopting their relevant elastic properties. The sim-
plicity of the proposed model, compared to other complex models,
makes it attractive for incorporation in multi-scale stochastic finite
element analysis, which demands extensive numerical computa-
tions. Thus, the proposed model is one step towards a holistic ap-
proach for modeling and design of nano-composites.
2. Proposed model

Consider, as shown in Fig. 1a, a representative volume element
(RVE) in the shape of a composite cylinder of outer radius R that
has an embedded fiber of radius rf and length L. When the RVE is
Fig. 1. The longitudinal stresses in a r
loaded uniformly in the direction of the fiber, strain and stress
incompatibilities arise between the fiber and matrix due to the dif-
ference in elastic properties. In case of nano-composites containing
carbon nanotubes, these incompatibilities are significant due to the
high order of magnitude difference in the elastic moduli of the
composites phases. The concept of stick–slip behavior can be sum-
marized as follows. Longitudinal stress rf

xðxÞ is transferred to the
fiber through the interfacial shear si(x) which varies along the
length of the fiber. This interfacial shear stress causes gradual rel-
ative deformation, us(x), at the interface between the fiber and the
matrix. Once the interfacial shear stress exceeds a critical value sc,
termed as the interfacial shear strength ‘IFSS’, relative sliding oc-
curs at the interface where us increases under constant shear stress
sc, This phenomenon, alongside with the plasticity in the matrix
that occurs due to stress concentration, will be used to model the
nonlinearity in the composite stress–strain behavior.

Isolating the components of the RVE, equilibrium equations can
be written for both the fiber and the matrix. These equations are
then related through material constitutive relationships. Compati-
bility condition similar to that adopted by Cox [14] is used to de-
rive governing equations of the interfacial shear slippage, which
upon solving, give rise to the stress and strain distribution within
the RVE. Homogenization technique is then used to derive the
stress–strain behavior of the composite.

3. Governing equations

For the purpose of simplicity, and as shown in Fig. 2, the stress
field in the matrix and fiber will be takento be uniform over the ra-
dial and circumferential directions, and thus we have an axisym-
metric case where the stresses are dependent only on the
longitudinal distance x.

3.1. Equilibrium of phases

Referring to Fig. 1b the equilibrium equations in the longitudi-
nal direction for the fiber can be written as:

rf þ
@rf

@x
dx

� �
pr2

f þ 2prf siðusÞdx� rf pr2
f ¼ 0 ð1Þ

@rf

@x
¼ � 2

rf
siðusÞ ð2Þ

Similarly for the matrix we have
epresentative composite cylinder.



Fig. 2. Longitudinal stress and displacement fields.
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rm þ
@rm

@x
dx

� �
p R2 � r2

f

� �
� 2prf siðusÞdx� rmp R2 � r2

f

� �
¼ 0 ð3Þ

@rm

@x
¼ 2rf

R2 � r2
f

� �siðusÞ ð4Þ
3.2. Kinematic relationships

The compatibility condition that needs to be satisfied along the
fiber is that the displacement in the matrix should equal the dis-
placement in the fiber plus the slippage that occurs at the interface
(Fig. 2c). i.e.;

umðxÞ ¼ uf ðxÞ þ usðxÞ ð5Þ

which upon differentiation with respect to x gives the relation be-
tween the strains as:

emðxÞ ¼ ef ðxÞ þ
dus

dx
ð6Þ
3.3. Constitutive relationships

The matrix is assumed to follow a bi-linear elastic–plastic
behavior with isotropic strain hardening rule as shown in Fig. 3a.
Neglecting Poisson’s ratio, the elastic–plastic constitutive law can
be written as:

rm ¼
Emem; em < eY

Eshem þ ðEm � EshÞeY ; em > eY

�
ð7Þ

Em is the Young modulus of the matrix, Esh is the slope of the strain
hardening segment of the stress–strain curve, and eY is the strain at
Fig. 3. Constitutive relationships fo
yield. Differentiating rm with respect to x and substituting the kine-
matic relationship (Eq. (6)) between fiber and matrix strain:

drm

dx
¼

Em
@2uf

@x2 þ
@2us

@x2

 !
; em < eY

Esh
@2uf

@x2 þ
@2us

@x2

 !
þ ðEm � EshÞ

deY

dx
; em > eY

8>>>>>>><
>>>>>>>:

ð8Þ

The fiber is assumed to remain elastic, which is justified for car-
bon nanotubes that have very high yield strength compared to the
matrix. Thus:

rf ¼ Ef ef ð9Þ

which upon differentiation with respect to x and substituting the
kinematic relationship above gives:

@rf

@x
¼ Ef

@2uf

@x2 ð10Þ

The stick–slip behavior is quite complex, therefore an idealized con-
stitutive law that describes the relation between interfacial shear si

and relative interfacial slippage us will be used. As shown in Fig. 3b,
an idealized stick–slip law is considered to be bi-linear, where ‘‘slip-
page’’ occurs after a threshold shear stress is reached [4]:

siðusÞ ¼

sc

uc
us;

us

uc
< 1

sc;
us

uc
P 1

8>>>><
>>>>:

ð11Þ

The value of uc represents the critical relative deformation after
which slippage takes place at the interface with constant shear
resistance sc. If we consider the elastic modulus of the matrix Em

to be isotropic, then the value of uc can be taken as the deformation
that occurs once the shear stress at the interface causes yielding of
the matrix shell at the interface, and thus uc can be computed as:

uc ¼ aðR� rf ÞFsm
2ð1þ lÞ

Em
ð12Þ

where Fsm is the shear strength of the matrix, and aðR� rf Þ repre-
sents the thickness of the matrix shell layer where the shear slip-
page is assumed to take place. l is the Poisson’s ratio of the
matrix material.

3.4. General equation and numerical solution

By substituting the derivatives of the constitutive laws into the
equilibrium equations, two differential equations with two un-
knowns (namely, us and uf) will emerge. Eliminating uf leads to
the following second order differential equation:
r the matrix and the interface.



504 M.M.S. Dwaikat et al. / Composites: Part B 44 (2013) 501–507
@2us

@x2 þ
2prf siðusÞ

E�pðR2 � r2
f Þ
� 2prf siðusÞ

Ef pr2
f

þ Em � E�
E�

� �
@eY

@x
¼ 0 ð13Þ

where E⁄ = Em in case em < eY and E⁄ = Esh in case em > eY.
The equation above is nonlinear and in order to solve it, an iter-

ated finite difference scheme is employed. Discretizing space
using: xk = kDx, k = 1, 2, . . . ,N where Dx = L/N, the solution for the
slippage at location k + 1 can be obtained using:

ukþ1
s ¼ 2prf siðuk

s Þ
Ef pr2

f

� 2prf siðuk
s Þ

E�pðR2 � r2
f Þ
� Em � E�

E�

� �
deY

dx

( )
ðDxÞ2

þ 2uk
s � uk�1

s ð14Þ

For propagating the solution ukþ1
s using the finite difference scheme

above, two boundary conditions are needed and these relate to
u0

s ¼ usjx¼0 and u1
s ¼ u0

s þ Dx dus
dx jx¼0. The value of deY=dx represents

the change in the yield surface of the matrix material, and thus is
calculated from the previous load step as ðek

Y � ek�1
Y Þ=Dx.

The strain in the fiber is obtained by backward finite difference
scheme for the combination of Eqs. (2) and (10):

uN�k�1
f ¼ �2ðDxÞ2

Ef rf
si uN�k

s

� �
þ 2uN�k

f � uN�kþ1
f ð15Þ

With the boundary condition imposed at the far end of the fiber
uN

f ¼ uf jx¼L and uN�1
f ¼ uN

f � Dx duf

dx jx¼L. It must be noted that the
model proposed above focuses on presenting the solution in terms
of the interfacial slippage, rather than in terms of the force or stress
in the fiber as commonly followed in most shear-lag models re-
ported in literature. Therefore, the boundary conditions written
above, consist of two sets: The first set pertains to the slip differen-
tial equation (Eq. (14)), while the second set pertains to the solution
of displacement field in the fiber (Eq. (15)). Each set requires two
boundary conditions since the equations are of the second order.

The first set of boundary conditions has an influence on the
state of interfacial slip distribution, i.e., whether the slip has initi-
ated at the boundary or not. For each assumed value of initial
boundary slip, a distribution of slip is obtained via Eq. (14), and this
slip distribution gives rise to the rest of the terms (strains and
stresses in the composite phases) which in turn gives a point
(strain, stress) on the composite stress–strain curve. Thus, this
set of boundary conditions has no influence on the shape of the
stress–strain curve of the composite, however, it affects the start-
ing point of the composite stress–strain curve in the solution.
When the values used in this set of boundary conditions are small,
the resulting interfacial slip is minor and thus the composite re-
sponse is in the elastic range. However, if the values are large, sig-
nificant slippage is propagated and thus high stresses occur in the
composite phases in order to equilibrate such high interfacial
shear. Therefore, it is recommended to start with very small values
of boundary conditions. Of course, since the equations are solved
via finite difference scheme, the value of this set boundary condi-
tions depends on the critical shear slippage value uc (in Eq. (12)).
Generally, a starting step of the order 10�3 � uc is recommended
for u0

s based on numerical analysis conducted by the authors.
The second set of boundary conditions affects the nature of

interaction at the fiber–matrix interface. In the current study, the
authors used the conventional boundary condition similar to that
adopted by Cox [15] in the first micromechanics shear-lag model,
i.e. zero stress at the far end, which corresponds to the model pro-
posed above as: duf

dx jx¼L ¼ 0 and uf jx¼L ¼ usjx¼L. This type of boundary
conditions was confirmed by experimental evidence on short Kev-
lar fibers embedded in epoxy resins [16]. Therefore, this boundary
conditions is commonly used in micromechanics modeling of fi-
brous composites.
Once the solutions uk
s and uk

f are known, the strains and the cor-
responding stresses in the matrix and the fiber can be readily com-
puted by backward substitution. The overall equilibrium equation
is repeatedly checked until the residual error is below a tolerance
value d:

pr2
f
@rf

@x
þ pðR2 � r2

f Þ
@rm

@x
6 d ð16Þ

rk
f � rk�1

f þ
pðR2 � r2

f Þ
pr2

f

rk
m � rk�1

m

� �
6

Dx
pr2

f

d ð17Þ
3.5. Homogenization and composite stress–strain curve

The properties of the nano-composite are homogenized by
averaging the stresses and strains over the RVE. Thus the average
strains and stresses in the fiber and in the matrix are computed as:

rAv
f ;m ¼

1
L

Z L

0
rf ;mðxÞdx and eAv

f ;m ¼
1
L

Z L

0
ef ;mðxÞdx ð18Þ

The average total stress and strain is obtained as a result of con-
tribution for the difference constituents, i.e.;

LðAm þ Af ÞrAv
total ¼

Z L

0
ðAmrmðxÞ þ Af rf ðxÞÞdx

and LðAm þ Af ÞeAv
total ¼

Z L

0
ðAmemðxÞ þ Af ef ðxÞÞdx ð19Þ

Which leads to:

rAv
total ¼ urAv

f þ ð1�uÞrAv
m and eAv

total ¼ ueAv
f þ ð1�uÞeAv

m ð20Þ

where u ¼ Af =ðAm þ Af Þ ¼ r2
f =R2 is assumed to represent the fiber

volume fraction.

4. Comparison to experimental data

The proposed approach is compared against published test data
[17] on aligned fibrous nano-composites. Fig. 4 compares predic-
tions from the proposed model against stress–strain curves ob-
tained experimentally for PEEK–MWCNT nano-composites with
different MWCNT volume fractions (6% and 10%). The MWCNT
were injected into PEEK melts and then molded in thin films. Re-
sults of focused ion beam scanning ‘‘FIB’’ showed very good align-
ment of MWCNT in the direction of injection [17]. The average
diameter of the nanotubes was 40 nm and the average aspect ratio
was 150. The average measured elastic modulus and yield strength
of the PEEK was reported as 4.2 GPa and 68 MPa, respectively,
while the elastic modulus of the MWNT was assumed as 1 TPa
by adopting it from Ref. [17]. The IFSS (i.e., sc) of the MWCNT were
estimated from a simplified shear lag analysis by Ogasawara et al.
[17] and was found to be between 2 and 6 MPa. Further, recent
experimental work [18] using direct pull-out tests has shown that
the interfacial shear strength between MWCNT and PEEK ranges
between 3.5 and 7 MPa. Using interfacial shear strength of 6 MPa
produces better agreement with the test data as shown in Fig. 4,
which compares the predicted stress–strain curves of the PEEK–
CNT against the test data for different fiber volume fraction. The
higher the value of IFSS, the greater the initial tangent stiffness
of the composite. However, higher values of IFSS leads to higher
stresses in the matrix and thus earlier plasticity, especially near
the far ends of the fiber. Nonlinearity in the nano-composite
behavior emerges due the combination of interfacial slippage and
spread of plasticity in the matrix.

For further verification of the validity of the proposed approach,
another comparison is conducted against published test data [19]



(a) PEEK-CNT (with 6% vol. fraction)                    (b) PEEK-CNT (with 10% vol. fraction) 

Fig. 4. Predictions from the proposed model compared to test data on PEEK–MWCNT nano-composite.

Fig. 5. Predictions from the model against test data on PS–MWCNT nano-composite
(5 wt%.) – using high aspect ratio of 200. Fig. 6. Predictions from different methods compared to test data on PEEK–CNF

nano-composite.
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on MWCNT-reinforced Polystyrene (PS) nano-composite and this is
shown in Fig. 5. In the experiment reported in [19], MWCNT were
injected into molten PS matrix and the nano-composite is molded
into thin sheets, which were immediately subjected to uniaxial
stretching, thus causing greater degree of alignment of the CNT
within the PS. Dispersion of the nanotubes was ensured by sonica-
tion of the PS–CNT melt. Predictions from the proposed approach
are plotted in Fig. 5 against results from the experiment. Different
values of IFSS were used and it seems higher degree of interaction
(IFSS � 10 MPa) exists between PS and CNT in that experiment, as
compared to PEEK–CNT nano-composite (IFSS � 5 MPa). The differ-
ences can very well be attributed to differences in the CNT type
and quality, manufacturing process, degree of alignment, and to
the differences in the chemical interaction between the polymers
and the CNT chains.

Yet, another comparison between predictions from the pro-
posed model and experimental results [20] on initial tangent stiff-
ness of PEEK–CNF nano-composite is shown in Fig. 6. The
comparison also includes the predictions from different methods
including shear lag (Cox model), Halpin-Tsai, Mori–Tanaka, and
self-consistent methods in addition to Voigt and Reuss upper and
lower bounds. In the experiments reported by Ref. [20], different
volume fractions of CNF with small aspect ratio (�10) were in-
jected into molten PEEK and then nano-composite films were pre-
pared by the means of co-rotating twin-screw extruder. Good
degree of alignment due to the extrusion process is reported. The
Young modulus of the CNF is much lower than CNT and direct
measurement [21] showed that it ranges from 5 to 90 GPa. In the
reported study, the authors stated that for CNF with similar char-
acteristics like those adopted in their study, the value of Ef is esti-
mated to range between 19 and 280 GPa. Based on these reports,
an average value of 90 GPa is selected for Ef and the analysis is con-
ducted using two different values of IFSS as shown in Fig. 6, namely
a value of sc = 1000 MPa representing very good interaction be-
tween CNF and PEEK and a value of sc = 5 MPa representing a dete-
riorated interaction. Better agreement with test data is obtained
when a value of IFSS � 5 MPa is used which indicates a typical
interaction between the matrix and the fibers as it was the case
with the previous MWCNT and PEEK nano-composites.

Fig. 6 also compares results from the proposed method and re-
sults from different methods for evaluating the composite tangent
elastic modulus. The figure shows that the proposed method com-
pares very well with other methods, particularly with the self-con-
sistent method. An advantage of the proposed method in addition to
its simplicity is that it takes explicit consideration of the interfacial
shear strength, and thus the interaction at the fiber–matrix inter-
face on the composite elastic modulus. Further, the proposed meth-
od is capable of generating the nonlinear stress–strain curve of the
composite considering the propagation of interfacial slippage and
the spread of plasticity. Such feature is challenging to implement
in the more complex models, such as the Mori–Tanaka or self-con-
sistent methods. These methods only generate the initial tangent
elastic modulus of the composite and require amending in case
the nonlinear (plastic or viscoelastic) tangent modulus is required.

The influence of fiber aspect ratio on the composite elastic mod-
ulus is shown in Fig. 7. All models converge to the rule of mixtures
for higher aspect ratios. As expected, the proposed model con-
verges very fast to the rule of mixture solution when the IFSS is
high. In Fig. 8 we study the influence of the constituent stiffness



Fig. 7. Effect of fiber aspect ratio (sc = 10 MPa, u = 0.1, Ef/Em = 250).

Fig. 8. Effect of stiffness ratio on the composite elastic modulus (L/d = 200;
phi = 10%).

Fig. 9. Predicted composite tangent stiffness using different values of fiber volume
fraction.

Fig. 10. Predicted composite tangent stiffness using different values of IFSS ( �.:
assuming elastic–plastic matrix, assuming elastic matrix).
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ratios on the predicted composite elastic modulus. When the Ef/Em

ratio is small, the predictions converge to Voigt upper bound limit.
This is expected because when the constituent materials have
comparable stiffness, the stress and strain distributions in the com-
posite will tend to be more uniform, which is what the rule of mix-
tures solution is based on.

The nonlinearity in the composite behavior is studied in Figs. 9

and 10 by tracing the tangent stiffness of the composite
drAv

total
deAv

total

� 	
as

a function of the composite strain eAv
total


 �
. In the analysis, two sce-

narios were considered, the first is using fully elastic matrix, and
the second is using elasto-plastic matrix. When the matrix is as-
sumed to be fully elastic, the only source for nonlinearity (i.e.,

the reduction in
drAv

total
deAv

total
) is the interfacial shear slippage, which is

seen to occur at low strains (at point A in Figs. 9 and 10). When
the matrix is considered as elasto-plastic, further and dramatic
reduction in composite tangent stiffness is initiated (as can be seen
at point B in Figs. 9 and 10). This further reduction is the result of
the localized concentration of stresses in the matrix at the far ends
of the RVE where interfacial shear stress is highest. Increasing the
volume fraction does not change the strain at which this occurs
(point B) assuming constant IFSS.

When the IFSS is low (sc = 5 MPa), interfacial slippage (point A)
occurs first followed by plasticity spread in the matrix (point B) as
shown in Fig. 10. However, when using higher IFSS is used (i.e.,
when the interfacial bonding is improved), this order is switched,
with plasticity occurring first followed by interfacial slippage. In
this case, the effect of plasticity on the tangent stiffness reduction
is more significant than the effect of interfacial shear slippage.

This result above means that improving the interface bonding
strength leads to earlier development of ‘‘plasticity pockets’’ in
the matrix due to the high concentration of shear stresses that re-
sult from stress-transfer between the matrix and the fiber. These
‘‘pockets’’ of plasticity lead to highly nonlinear behavior in the
stress–strain behavior, as seen in Fig. 10 and as observed in test
data on nano-composite. Such nonlinearity can augment the en-
ergy absorption capability while maintaining high stiffness of the
composite.
5. Conclusions

A simplified approach for predicting the nonlinear stress–strain
curve of unidirectional fibrous nano-composites is presented. The
model, which incorporates interfacial shear stick–slip constitutive
law and elasto-plastic matrix with isotropic strain hardening pro-
vides good results when compared against experimental data on
aligned fibrous nano-composite. The study revealed that both
stick–slip behavior and development of plasticity due to stress
concentration contribute invariably to the nonlinear behavior of
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the nano-composites. When the bond between the fiber and the
matrix is very strong, plasticity spreads at lower strains, thus form-
ing discrete ‘‘pockets of plasticity’’ in the composite. However, if
the bond is weak, then slippage of the fibers within the composites
causes nonlinear behavior of the composite. The combination of
the two factors provide reasonable explanation for the improved
and nonlinear behavior of nano-composite.
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