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Abstract 

The Hardy-Orlicz space φH  is the space of all analytic 
functions f on the open unit disk D  such that the subharmonic function 

)||( fφ  has a harmonic majorant on D , where φ  is a modulus function. 
+
φH  is the subspace of φH consisting of all φHf ∈  such that )||( fφ  has 

a quasi-bounded harmonic majorant on D . If ,)( pxx =φ  10 ≤< p , then 

φH is the Hardy space  pH  and if )1log()( xx +=φ , then φH is the 

Nevanlinna class  N and +
φH is the Smirnov class +N . In this paper we 

generalize some of N. Yanagihara's and A. Hartmann's and others 
interpolation results from N and +N to φH  and +

φH . For that purpose we 

generalize a canonical factorization theorem to functions in φH or +
φH and 

introduce an F-space of complex sequences.   
AMS subject Classification: Primary: 46Axx.Secondary: 46E10, 30H05. 
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 ملخص

على قرص الوحدة المفتوح  f التحليلةفضاء جميع الدوال  هو φH أورلكز-فضاء هاردي
Dالدالة بحيث أن)||( fφ  المتوافقة جزئيا علىDيكون لها داله توافقيه تحدها من أعلى، 

+ .هي داله مطلقه القيمه φعلما بأن 
φHزئي منجال هو الفضاءφH  والمحتوي على جميع

φHf الدوال )||(بحيث أن  ∋ fφ إذا  .أعلى له توافقيه شبه محدوده وتحدها منيكون لها دا 

10آان ≤< p , pxx =)(φ  فإنφH هو فضاءهارديpH وإذا آان ؛)1log()( xx +=φ 

+بينما  Nهو فئة نفانلنا φHفإن
φH سميرنوف  هو فئة+N. نعمم بعض نتائج  في هذا البحث

+و  φHإلى  N+و  Nمن الدالي الاستكمال آخرين فيياناجيهارا وهارتمان و
φH . من أجل

+و  φHفي ال دوالإلى  في التحليل إلى العواملمعروفه  نظريهلهذا الهدف سنعمم الوصول 
φH 

  .عقديهمن متتاليات مكون  F -وسنقدم فضاء
 
Introduction 

If φ  is a real-valued function on ),0[ ∞ such that φ  is increasing, 
subadditive, 00)( == xiffxφ , and continuous at zero from the right 
(hence uniformly continuous on ),0[ ∞ ), then φ  is called a modulus 
function. Examples of modulus functions are 10, ≤< px p , and 

)1log( x+ . We note that the composition of two modulus functions is a 
modulus function and if φ  is a modulus function, then 

)||()1|][|()||( xx φααφ +≤  for all x  in the real numbers R and for 
allα in the complex numbers C; where [ x ] is the greatest integer in x . 

Let D  be the open unit disk in the complex plane C and H  be the 
space of all analytic functions in D . Throughout this paper we assume 
that φ  is a strictly increasing unbounded modulus function such that 

)||( fφ  is subharmonic on D  for all Hf ∈ . The Hardy-Orlicz 
space φH is the space of all Hf ∈ such that )||( fφ has a harmonic 
majorant on D , i.e., there is a function u harmonic on D  such that  

)()|)(|( zuzf ≤φ for all Dz∈ . It follows that [8] for each φHf ∈ , 
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)||( fφ has a least harmonic majorant fu , i.e., )()|)(|( zuzf f≤φ , for 
all Dz∈  and )()( zzu f υ≤ for all Dz∈ , where υ   is any harmonic 
majorant of )||( fφ . A non-negative harmonic function on D  is called 
quasi-bounded if it is the pointwise increasing limit of non-negative 
bounded harmonic functions on D . The Hardy-Orlicz space +

φH  is the 
space of all φHf ∈  such that )||( fφ  has a quasi-bounded harmonic 
majorant on D . 

The Hardy-Orlicz spaces φH and +
φH  were studied by W. Deeb and 

M. Marzuq in [2]. M. Masri in [8] and [10] considered these spaces when 
D  is replaced by a domain Ω  in C. Special cases of these spaces were 
studied by several authors. (See, for example, [3], [4], [7], [11], [15] and 
[17]). 

If ,)( pxx =φ 10 ≤< p , then φH = pH  and if )1log()( xx +=φ , 

then φH = N and +
φH = +N . Also, if pxx ))1(log()( +=φ , 10 ≤< p , then 

φH  = pN  ,and if ),1log()( pxx +=φ  10 ≤< p , then φH = pN . 

We note that the space ∞H of bounded analytic functions in D is 
contained in +

φH . 

If 0z is a fixed point in D , which is called the point of reference, then 
the quasi-norm φ|||| on φH  is defined by 

)(|||| 0zuf f=φ  
for all φHf ∈ . If φ||||),( gfgfd −= for all φHgf ∈, , then ),( dHφ  is 
a metric space . If φ  is a strictly increasing unbounded modulus function, 
then ),( dH +

φ  is an F-space, i.e., a topological vector space with 
complete translation invariant metric (See [1], [2] and [8]). 



ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ 4  “On Interpolation in Hardy- Orlicz Spaces” 

An - Najah Univ.  J.  Res. (N. Sc.) Vol. 27, 2013 ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  

Let DT ∂=  be the boundary of the open unit disk D  in the complex 
plane C and +H  be the set of all functions Hf ∈  such that 

)()(lim *

1

θθ ii

r
efref =

−→
exists ,.. σea  

where σ  is the normalized Lebesgue measure on T .The function *f is 
called the radial limit of f  . When there is no ambiguity we denote the 
function f  and its radial limit by f  .The Hardy-Orlicz spaces φH and 

+
φH are given by  

φH = { Hf ∈ : σφ df
T

r
r

)||(sup
10
∫

<≤
 < ∞  } 

and 
+
φH = { +∈Hf : )()|)(|(sup

10
zdzf

T
r

r
σφ∫

<≤
= )()|)(|( zdzf

T

σφ∫ < ∞  }, 

where DTzrzfzf r ∪∈= ,)()( . [8]. 

For each ∈f φH , the quasi-norm of f  is given by  

)0(|||| fuf =φ = σφ df
T

r
r

)||(sup
10
∫

<≤
= σφ df

T
r

r
)||(lim

1 ∫−→
 

and for each ∈f +
φH  

=φ|||| f σφ df
T

)||(∫ . (See [8]). 

Moreover, ∈f +
φH  iff fu = )]||([ fP φ  , where P  denotes the 

Poisson kernel. 

Using Harnack’s inequality, it follows that: 

||1
||||2

)|)(|(
z

f
zf

−
≤ φφ  for all φHf ∈  and Dz∈ . (See [10]). 



Mahmud Masri ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  5 

ــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  An - Najah Univ.  J.  Res. (N. Sc.) Vol. 27, 2013  

Thus, if a sequence }{ nf converges to f in φH or +
φH , then it 

converges uniformly to f on compact subsets of D . 

Let ( )nλ=Λ  be a sequence in D such that ( ) ∞<−∑
∞

=1
1

n
nλ . If Λ has 

non- zero terms, m  is a non-negative integer and  

,,)
1

)(
||

()(
1

Dz
z
z

zzB
n

n

n n

nm ∈
−
−

= ∏
∞

= λ
λ

λ
λ  

then the function B is called a Blaschke product. The term Blaschke 
product will also be used if there are only finitely many factors of B . 

In section 2 of this paper, we give a canonical factorization theorem 
for functions in φH or +

φH when φ is a strictly increasing unbounded 
modulus function which is a generalization of the special 
cases pxx =)(φ , 10 ≤< p  and )1log()( xx +=φ . Other similar canonical 
factorization theorems involving Blaschke products, singular inner 
functions and outer functions are still open problems even when φ  is 
strongly modulus, which is defined in [2] as a modulus function 

satisfying ∞<∫
∞

dx
x
x

1
2

)(φ , 0
log

)(lim >
∞→ x

x
x

φ  and )||( fφ is subharmonic on D  for 

all Hf ∈ . Some consequences of the constraint ],0[
log

)(lim ∞∈=
∞→

αφ
x

x
x

on 

φH  and +
φH are given in section 4 of this paper. 

When ( )nλ=Λ  is a sequence of distinct points in D  such that 

( ) ∞<−∑
∞

=1
1

n
nλ we introduce the following class of complex sequences: 

( ) ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

∞<−= ∑
∞

=
Λ

1

21:
n

nnn cc φλφl . 
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If pxx =)(φ , 10 ≤< p , then ( ) p
ΛΛ = ll φ  and if ( ) ( )xx += 1logφ , 

then ( ) +
ΛΛ = ll φ . For these special cases one can see [15] and [16] where 

( )nλ=Λ = ( ) Zzn = . 

In section 3 of this paper we proved that ( )φΛl  is an F-space.  Also, 
when ( ) ( ) ( ) 0,, ≥+≤ babaab φφφ , we give a characterization of the 
bounded subsets of ( )φΛl , a generalization to that of +

Λl in [16]. 

A space l of complex sequences is called an ideal if ll ⊆∞l , i.e., 
l∈)( nncw whenever ∞∈ l)( nw and l∈)( nc . Let ( )nλ=Λ be sequence in 

D and X a space of analytic functions in D . The interpolation problem 
consists of describing the trace }:))({(| XffX n ∈=Λ λ of X on Λ . 
One approach is to fix a target space l and look for conditions so that 

lX =Λ| . Another approach is to require that Λ|X is an ideal and call 
Λ a free interpolating sequence for X . We denote this by )(XInt∈Λ . 
For certain spaces such as the Hardy and Bergman spaces, the two 
approaches of interpolation are equivalent with l as an pl with the 
appropriate weight (See [5]). 

For any function algebra X containing the constants it is easily seen 
that [5] Λ⊆∞ |Xl  iff )(XInt∈Λ .This implies that if Y is a subalgebra 
of a function algebra X , then )(XInt∈Λ whenever )(YInt∈Λ . 

Free interpolation for φH and +
φH  requires the existence of nonzero 

functions vanishing on all the terms of the sequence Λ except one. Thus, 

we assume that ( ) ∞<−∑
∞

=1
1

n
nλ . 

The linear operators T and φT , given by: 
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( )( )nfTf λ=  and 
( )

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

=
−

2
1

1
1

n

nf
fT

λ
φ

λ
φ  for all φHf ∈ , 

are related to interpolation. We note that 
)(}:))({(| XTXffX n =∈=Λ λ . When ( ) φφ Tpxx p ,10, ≤<=  is the 

operator pT in [3, Theorem 9.1], where it is shown that 

( ) ( )n
pp

p iffTTpHT λ=∞≤<= ∞,0,l  is uniformly separated 
(Carleson sequence). i.e., there exists 0>δ such that  

....,3,2,1,
11

=≥
−
−

Π
≠

∞

=
n

nm

nm

nm
m

δ
λλ
λλ

 

Some of the interpolation techniques of N. Yanagihara in [17] for 
N and +N  carry over to φH and +

φH . A. Hartmann’s characterizations of 
free interpolation in [5] are based on the canonical factorization of 
functions in N and +N in terms of Blaschke products, singular inner 
functions and outer functions which is not available in φH and +

φH  in 
general.  

In section 4 of this paper, we extend some of their results to 
φH and +

φH  and give some consequences in interpolation under certain 
restrictions on φ . 

Finally, the following version of the dominated convergence theorem 
[12] is found out to be useful: 

Let }{ ng be a sequence of integrable functions which converges a.e. 
to an integrable function g . Let }{ nf be a sequence of measurable 
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functions such that nn gf ≤|| and }{ nf  converges to f  a.e. . If 

∫∫ = ngg lim , then ∫∫ = nff lim . 
 
Canonical factorization of functions in φH  or  +

φH  

The following canonical factorization theorem for functions in φH or 
+
φH  is an extension of those in [3] and [4] for +N  and 10, ≤< pH p .  

Canonical factorization theorem Let ∈f φH  be not identically 
zero. Then ,Bgf =  where B is a Blaschke product, φHg ∈ is unique 
with no  zeros in D and 

(1)                                  ≤φ|||| f ≤φ|||| g φ||||2 f                                       

Moreover   , if ∈f +
φH   , then ∈g +

φH  and =φ|||| g φ|||| f . 

Proof: First assume that f  has infinitely many zeros ,...,, 321 λλλ  
in D  repeated according to their respective multiplicities and 

0≠nλ for all ,...3,2,1=n . Let 

)
1

)(
||

()(
1 z

z
zb

j

j
n

j j

j
n λ

λ
λ
λ

−

−
=∏

=

and ,...3,2,1, == n
b
fg
n

n . 

Then || nb is continuous on the closure D  of D  and ≡  1 
on T .Thus for a fixed n  
and )1,0(∈ε , ε−> 1|)(| zb n when || zr = is sufficiently close to 1. 
Hence, 

(2) )|)(|( θφ i
n reg ≤= )|

)(
)(|( θ

θ

φ i
n

i

reb
ref

≤
−

)|)(
1

1|( θ

ε
φ iref |)((|)1]

1
1[( θφ
ε

iref+
−

, 
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which implies that ≤φ|||| ng φ||||2 f , by integrating (2) , letting −→ 1r  

and then +→ 0ε  . Noting that |||||| f
b
fg
n

n ≥= , we obtain          

≤φ|||| f ≤φ|||| ng φ||||2 f . 

The subharmonicity of )||( ngφ and 0)0( ≠f give 

)|
||

)0(|(0

1
∏
=

< n

j
j

f

λ
φ  ≤= )|)0(|( ngφ  σφ dg rn

T

)|)(|(∫  φ||||2 f≤ . 

Therefore, for all ,...3,2,1=n , .0
)||||2(

|)0(||| 1
1

>≥ −
=
∏

φφ
λ

f
fn

j
j  

Letting ∞→n  it follows that  

(3)                                        .0
)||||2(

|)0(||| 1
1

>≥ −

∞

=
∏

φφ
λ

f
f

j
j                                      

Thus, by [14, Theorem 15.5], (3) is equivalent to ∞<−∑
∞

=

)||1(
1j

jλ . 

Hence, 

Dz
z
z

zB
n

n

n n

n ∈
−
−

=∏
∞

=

,)
1

)(
||

()(
1 λ

λ
λ
λ is a Blaschke product and 

}{ nb converges uniformly on compact subsets of D  to B  . Therefore, 
[4, p. 56], }{ ng converges uniformly on compact subsets of D  to 

B
fg =  .Thus, 

(4)              σφ dg
T

r |)(|∫  σφ dg
T

rnn
|))((|lim ∫∞→

=  φ||||lim nn
g

∞→
≤  φ||||2 f≤ .                   

Therefore, we obtain (1) from (4) and noting that |||| fg ≥ .  
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In case, ∈f +
φH  the dominated convergence theorem and (2) imply 

that  

=φ|||| ng σφ dg
T

rn
r

|))((|lim
1 ∫−→

σφ dg
T

n |)(|∫= σφ d
b
f

T n

|)(|∫=  

σφ df
T

|)((|∫=  φ|||| f= . 

Also, by Fatou's lemma we get 

φ|||| f σφ dg
T

|)(|∫=  σφ dg
T

r
r

|)(|lim
1∫ −→

=  σφ dg
T

r
r

|)(|lim
1 ∫−→

≤ φ|||| g=  

                      σφ dg r
T

nnr
|))((|limlim

1 ∫∞→→ −
= φ||||limlim

1
nnr

g
∞→→ −

≤ φ|||| f= . 

Therefore, ∈g +
φH  and φ|||| f φ|||| g= .   

The above argument easily shows that the same results hold 
when f has finitely many zeros in D  or 0)0( =f . The uniqueness 
of g follows from properties of zeros of analytic functions. 
 
The space ( )φΛl  and its bounded subsets 

As in φH , Λ  and φ  induce on ( )φΛl  a quasi-norm 
Λ,φ

 given by: 

( ) ( )( ) ( )( ) ( )φφλ
φ Λ

∞

=
Λ

∈=∀−= ∑ lucuucu nn
n

n ,1
1

2

,
. 

For notation convenience we write 
φ

 instead of  
Λ,φ

 . 

Theorem 3.1 The space ( )φΛl  is an F-space with the distance 
function σ  defined by 

( ) ( )φσ
φ Λ∈∀−= lvuvuvu ,,, . 

That is, 
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(i)   ( ) ( )0,, vuvu −= σσ  

(ii)   If ( ) 0, →uukσ  as ∞→k , then ( ) 0, →uuk αασ  as ∞→k  for all  
∈α C. 

(iii)  If αα →k  as ∞→k , then ( ) 0, →uuk αασ  as ∞→k  for all 
( )φΛ∈lu . 

(iv)  ( )φΛl  is complete. 

Proof: The linearity of ( )φΛl  and (ii) follow from 
( ) [ ]( ) ( ) 0,1 ≥+≤ xxx φααφ , while (i) is obvious from the definition of 

σ . To prove (iii), let ( )φΛ∈lu  be fixed. Then, for all 0>ε , there exists 

∈0n N such that ( ) ( )( )
2

1
1

2

0

εφλ <−∑
∞

+=

ucn
nn

n . Let ( )ucK nnn 01
max

≤≤
>  and 

⎭
⎬
⎫

⎩
⎨
⎧

=< − )
2

(1,1min0
0

1
1 nK

εφδ . Then there exists ∈ok N such that 

1δαα <−k  for all okk ≥ .  Thus, 

( ) ( ) ( ) ( )( )ucuu nk
n

nk ααφλαασ −−= ∑
∞

=1

21,   

( ) ( ) ( )( )ucK n
nn

n

n

n
k

o

o

φλααφ ∑∑
∞

+==

−+−≤
1

2

1
1  

                 εεε
=+<

22
, 

for all okk ≥ .  Thus, (ii) holds. 

To prove (iv) let ( )ku  be a Cauchy sequence in ( )φΛl . First we show 
that for each fixed ∈j N, the complex sequence ( )( )kj uc  is Cauchy.  Let 

0>ε  be given.  Then there exists ∈ok N such that for all okmk ≥,  we have  
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( ) ( ) ( ) ( )( ) ( ) ( ).11,
2

1

2 εφλφλσ jmnkn
n

nmk ucucuu −<−−= ∑
∞

=

 

Hence, for all okmk ≥, , we have ( ) ( ) ( )( )kjmjkj uceiucuc .,.,ε<−  is 
Cauchy. 

Let ( )knkn ucc
∞→

= lim . For all 0>ε , there exists ∈ok N such that, for 

all okmk ≥, , we have ( ) ( ) ( ) ( )( )
2

1,
1

2 εϕλσ <−−= ∑
∞

=
mnkn

n
nmk ucucuu .  

Therefore, for each 

∈j N and for all okmk ≥,   we have 

( ) ( ) ( )( )
2

1
1

2 εφλ <−−∑
=

mnkn

j

n
n ucuc . 

Letting ∞→m  and then ∞→j , it follows that ( ) ( )φΛ∈= lncu  and 
( ) ∞→→ kasuuk 0,σ . Thus, ( )φΛl  is complete. 

In an F-space X with topology induced by a complete translation 
invariant metric ρ , there are two none equivalent notions of bounded 
sets. The first is in the metric sense, i.e., a subset E of  X is ρ - bounded 
if there exists a constant M such that ),( yxρ ≤  M < ∞  for all yx, ∈E 
.The second is in the topological vector space sense, i.e., a subset E of X 
is topologically bounded if for each neighborhood V of zero there exists 
a number 00 >t such that E⊆ t V for all 0tt ≥ . We refer the interested 
reader to [13]. 

The bounded subsets of +N and +
Zl  are studied by N. Yanagihara in 

[16]. When ( ) ( ) ( )baba φφφ +≤  for all 0, ≥ba , his results about 
+N were generalized to +

φH in [9] where it is shown that a subset E of 
+
φH  is topologically bounded iff ( 0)(0 >=∃>∀ εδδε  such that for 
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each subset A of T with δσ <)(A we have Efdf
A

∈∀<∫ ,)||( εσφ  ). 

Moreover, as a corollary of this, a necessary but not sufficient condition 
for topological bounded sets is given, namely if a subset E of +

φH  is 
topologically bounded, then there exists a positive continuous function 

)(rω , independent of Ef ∈ , 0)( ↓rω −→1ras , and such that 

)
1

)(
(),( 1

r
r

frM
−

≤ − ω
φ  , for all Ef ∈  and 10 << r , 

where |)(|max),(
||

zffrM
rz =

= . 

Here, we prove the corresponding results for ( )φΛl . 

Theorem 3.2 Let ( ) ( ) ( )baba φφφ +≤  for all 0, ≥ba  and E be a 
subset of ( )φΛl .  Then E is topologically bounded iff  

(i) ( ) EuEMMu ∈∀∞<=< ,
φ

 

and 

(ii) ( )∈=∃>∀ Enn oo ,0 εε N such that  

( ) ( )( ) ( )( ) Eucuuc nn
nn

n
o

∈=∀<−∑
∞

+=

,1
1

2 εφλ . 

Proof: Assume that E is a topologically bounded subset of ( )φΛl . 
Therefore, ( ) 10,0,0 ≤<>=∃>∀ αηααη , such that 

( ) ( ){ }ηφηβ
φ
<∈=⊆ Λ uuVE ;l  whenever αβ ≤<0 . Let 1=η . Then 

( ) 10,1 ≤<=∃ ααα , such that ( )1VE ⊆β  whenever αβ ≤<0 . 

Let ⎥⎦
⎤

⎢⎣
⎡+=
α
11M .Then for all ( )( ) Eucu n ∈= , we have  
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.1111.1 Muuu =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎥⎦

⎤
⎢⎣
⎡<⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎥⎦

⎤
⎢⎣
⎡≤=

α
α

α
α

α φ
φ

φ
 

Thus, (i) holds. 

Next, let 0>ε  be given. Choose η  such that 
2

0 εη <<  and 

( )ηαα =  as above.  Since ( ) ∞<−∑
∞

=1

21
n

nλ , there exists ∈on N such 

that ( ) ).)(2(1 1
1

2
−

∞

+=

<−∑ αφ
ελ

onn
n  

Then, (ii) holds, since for all ( )( ) Eucu n ∈=  we have  

( ) ( )( ) ( ) ( ) ( )( )ucuc n
nn

n
nn

nn
nn

n
ooo

αφλ
α

φλφλ ∑∑∑
∞

+=

∞

+=

∞

+=

−+⎟
⎠
⎞

⎜
⎝
⎛−≤−

1

2

1

2

1

2 1111

 

   εηεαε
φ

<+<+<
22

u . 

Conversely, assume that (i) and (ii) hold. Let ( )ηV  be any 
neighborhood of zero. Continuity of φ  at zero from the right implies that 
there exists 0>ε  such 2/ηε <  and ( ) Kx 2/ηφ <  whenever ε<≤ x0  

where ( ) ∞<−= ∑
∞

=1

21
n

nK λ .   

Therefore, there exists ∈on N as in (ii). For each ( )( ) Eucu n ∈= , let 

( ) 01min 2

1
>−=

≤≤ nnn o

λδ  and ∈= nAu { N : }|))((|
δ

φ Mucn < . Thus, 

( ) ( )( ) ( ).11 22 ∑∑
∉∉

−≥−≥>
uu An

nn
An

n
MucuM λ
δ

φλ
φ
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Hence, ( ) δλ <−∑
∉ uAn

n
21 . This implies that { } uo An ⊆...,,2,1 . Letting 

( )⎭
⎬
⎫

⎩
⎨
⎧

<< − δφ
εα

/2
,1min0 1 M

, we have  

( ) ( )( ) ( ) ( )( )ucucu n
nn

nn

n

n
n

o

o

φλαφλα
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∞

+==

−+−≤
1

2

1

2 11  

( ) ηηεφελεφ <+⎟
⎠
⎞

⎜
⎝
⎛<+−⎟

⎠
⎞

⎜
⎝
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= 22
1

2 1

2 K
on

n
n . 

Therefore, ( )ηα VE⊆ , which shows that E is topologically 
bounded. 

Corollary 3.3 Let ( ) ( ) ( ) 0,, ≥+≤ bababa φφφ  and E be a 
topologically bounded subset of ( )φΛl .Then there exists a positive 
sequence 0,)( ↓nn ωω  as ∞→n  and 

( ) ( )( ) ∈∀∈=∀
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
≤ − nandEucuuc n

n

n
n ,

1 2
1

λ

ω
φ N. 

Proof: From the proof of theorem 3.2 it follows that, for all 0>η , 
there exists ( ) 0>= ηδδ  such that  

( ) ( )( ) ( )
2

11 η
δ

λφλ +−≤−
Muc nnn  

for all ( )( ) Eucu n ∈=  and for all ∈n N. 

Let )( kη  be a positive sequence with ∞→↓ kask 0η . Hence, for 
each ∈k N there exists ( ) 0>= kk ηδδ  such that  

( ) ( )( ) ( )
2

11 k

k
nnn

Muc
η

δ
λφλ +−≤−  
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for all ( )( ) Eucu n ∈=  and for all ∈n N. 

Choose a strictly increasing sequence )( kn  in N such that ∞↑kn  as 
∞→k  and 

( ) ( )( ) ( ) k
kkk

k
nnn

Muc η
ηηη

δ
λφλ =+<+−≤−

222
11  

for all knn ≥  and for all ( )( ) Eucu n ∈= . 

Define the positive sequence )( nω  by: 

.
,...3,2,1,,

1,

1

11
1

⎪⎩

⎪
⎨

⎧

=<≤

<≤+
=

+ knnn

nnM

kkk

n

η

η
δω  

Then, )( nω satisfies the required properties. 

We mention that although the spaces +
φH and ( )φΛl  look similar, a 

topologically bounded subset of ( )φΛl  could be relatively compact while 
a topologically bounded subset of  +

φH need not be relatively compact. 
This is the case when )1log()( xx +=φ  as in [16]. 

 
Interpolation in φH  and +

φH  

The first result of this section is a generalization from +N  [17, 
Theorem 1(second part)] to +

φH  while the second is a generalization from 
N   [17, Theorem 4] to φH . 

Theorem 4.1 If ( ) ( )+Λ ⊆ φφ HTl , then ( ) ( ) 011lim 2 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

∞→
nn

nn B λ
φλ  

where   
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( ) Dz
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zB
m

m

m

m

nm
mn ∈

−
−

Π=
≠
=

,
1

||
1 λ

λ
λ
λ

. 

Proof: Let ∈∀=∈== + nfHfTK n ,0)(:{ker λφ N}. Then K is a 

closed subspace of +
φH  since the convergence of a sequence in +

φH  
implies its convergence on compact subsets of D. Thus, by [13, Theorem 
1.41] the quotient space { }++ ∈+= φφ HfKfKH :/  is an F-space. Let ρ  

be the metric on KH /+
φ  and KHH /: ++ → φφπ  be the quotient map 

where ( ) Kff +=π  for all +∈ φHf .For each ( )( ) ( )φΛ∈= lucu n  there 

exists +∈ φHf such that ( )( ) uffT n == λ . 

Let ( )fuT π=~ . Then it is easy to see that ( ) KHT /:~ +
Λ → φφl  is a 

well defined linear operator. Using the closed graph theorem we prove 
that it is continuous and hence bounded (See [13]). 

Let 0→ku  in ( )φΛl  as ∞→k  and ( ) ( )*~ ffuT kk ππ →=  in 
KH /+

φ  as ∞→k .   

We show that Kf ∈*  i.e. ( ) Kf =*π . 

Let ( )( ) ( ) ( )( ) ( )( ) kknnkknn uucfTfcfTf ===== λλ ,** and ∈0n N 
be fixed .Then ∈∃>∀ 1,,0 kkoε N such that if okk ≥ , then 

( ) ( )( ) ( )εφλφλ
φ ⎟

⎠
⎞⎜

⎝
⎛ −<−= ∑

∞

=

2

1

2 11
onkn

n
nk ucu . 

Thus, if okk ≥ , then ( ) ( ) ελ <= knnk ucf
oo

. Therefore, ( ) 0→nkf λ  

as ∞→k  for all ∈n N. Also, if 1kk ≥ , then 

( ) ( )( ) ( ) ( )( )
4

0,, ** εππρππρ <−= ffff kk . 
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For each 1kk ≥ , choose +∈ φHgk  such that ( ) ( )*ffg kk −= ππ  and 

4
ε

φ
<kg .  

(See [13, p. 30]).Thus, for each 1kk ≥  and ∈∀n N we have  

( ) ( )( ) ( ) ( ) ( )( )nnknnknn ffcuc λλφλφλ *22 11 −−=−−

( ) ( )( .41 2 ελφλ
φ
<≤−= knkn gg  

Let ∞→k  and then 0→ε  we get ( ) ∈∀== ncf nn 0* λ N, i.e. , 
Kf ∈* . 

Next, let ( )( )knk ece = , where ( ) 1=kn ec  if kn =  and ( ) 0=kn ec  if 

kn ≠ . Then ( ) ( ) 011 2 →−= φλ
φ kke  as ∞→k . Therefore, the 

continuity of T~  implies that ( ) ( )( ) 00, →ππρ kf  as ∞→k , where 

( )kk feT π=~  and kk efT = . 

Thus, ∈∃>∀ 2,0 kε N such that if 2kk ≥ , then ( ) ( )( ) εππρ <0,kf . 
For each 2kk ≥ , choose +∈ φHhk  such that ( ) ( )kk fh ππ =  and ε

φ
<kh . 

Therefore, there exists a sequence )( kh in +
φH  which converges to zero 

and ( )( ) ( )( )nknk fh λλ =  for all ∈nk , N. For nk > , let  

( )
z
z

zB
m

m

m

m
k

nm
mkn λ

λ
λ
λ

−
−

Π=
≠
= 11,  and knnkn BhH ,, /= . 

Then, +∈ φHH kn,  and 
φφ nkn hH =, . Hence, 

( )
( )

( ) ( )
( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−

nkn

nn
n

nkn
n B

f
B λ

λ
φλ

λ
φλ

,

2

,

2 111

( ) ( )( )
φ

λφλ nnknn hH 41 ,
2 ≤−= . 
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Letting ∞→k  and then ∞→n  we get 

( ) ( ) 011lim 2 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

∞→
nn

nn B λ
φλ .                                      ▄ 

Theorem 4.2 Let ( )nλ  be uniformly separated. Then 

( ) ( )ψφ Λ⊆ lHT , where ( ) ( )( ) 0, ≥= xxx pφψ  and 10 << p . 
Moreover, the above inclusion could be proper. 

Proof: Let φHf ∈ .Then Bgf =  where B is the Blaschke product of 
the zeros of f  in D and φHg∈  with no zeros in D. Let gg viuh +=  
where gv  is a harmonic conjugate of gu  the least harmonic majorant of 

( )gφ . Since the analytic function h has a positive real part, then by [3, 

Theorem 3.2] ,pHh∈ 10 << p .Then, 10, <<∈ Λ phT pl (See [17, p. 
429]). Therefore,  

( ) ( )( )( ) ( ) ( )( )( )p
n

n
n

p

n
nn gffT λφλλφλ

ψ ∑∑
∞

=

∞

=

−≤−=
1

2

1

2 11  

      ( ) ( )( ) ( ) ( ) ∞<−≤−≤ ∑∑
∞

=

∞

=

p

n
nn

p
ng

n
n hu

1

2

1

2 11 λλλλ  

Next, let n
n b−= 1λ  where 10 << b  and ( ) ( )( )n

n bnc /1−= φ . Then, by 
[3, Theorem 9.2, p. 155] ( )nλ  is uniformly separated and 

( ) ( ) ,22
1

1

1

∞<=⎟
⎠
⎞

⎜
⎝
⎛≤ ∑∑

∞

=

−
∞

= n

pnp
p

n
n

n
n bn

b
nbc

ψ
i.e., ( ) ( )ψΛ∈lnc . Also, 

( ) ( ) ∞=−
∞→ nnn

cφλ1lim .Thus, there is no φHf ∈ such that ( )ncTf =  since  

( ) ( )( ) φφ
φ Hffzfz ∈∀≤− ,21  and Dz∈∀ . 
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We note that ∞≤<⊆⊆ Λ
∞ plll p 0),(φ . Moreover, for each 

+∈ φHf  we have [9, Theorem 2.1, p. 14] 0)),(()1(lim
1

=−
−→

frMr
r

φ  . 

Hence, it follows that ∞+ ⊆ lHT )( φφ . Also, when pxx =)(φ , 10 ≤< p , it 
is easy to see that 

plHT =+ )( φφ iff )()( φφ Λ
+ = lHT . 

Thus, in this case, theorem 9.1 in [3] can be restated as 
)()( φφ Λ

+ = lHT  iff  )( nλ is uniformly separated. So, it is natural to ask for 
what other kinds of φ this is true. When )1log()( xx +=φ , it is shown 
[17, Theorem 3] that there exists a uniformly separated sequence 

)( nλ and +∈ φHf such that )()( φΛ∉ lfT . Furthermore, if )( nλ is 

uniformly separated, then )()( +
Λ ⊆ φφ HTl  

(See [17, Theorem 1]). This motivated the following theorem whose 
converse is still open. 

Theorem 4.3 If ( ) ( ) ( ) ( ) ,0,,,0, ≥+≤∞≤<=+ babaabpHT p φφφφφ l  
then )( nλ  is uniformly separated. 

Proof: The closed graph theorem implies that 
pHT l→+

φφ : for ∞≤< p0  is continuous since ( ) pHT l⊆+
φφ .Then 

=φK kernel of φT  is a closed subspace of +
φH  and the quotient space 

φφ KH /+  is an F-space.  Since ( ) φφφ THT p ,l=+  induces a bijective 

bounded linear operator pKHT l→+
φφφ /:~  such that  πφφ oTT ~=  where 

φφφπ KHH /: ++ →  is the quotient map (see [13, p. 37]).The open 

mapping theorem [13] implies that φφφ KHT p /:~ 1 +− →l , the inverse of 

φT~ , is bounded, i.e., continuous.  Let ( )( )knk ece =  be as before and 

{ }...,2,1: == keE k . For each ∈k N there exists +∈ φHfk  such that 
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kk efT =φ .Let { }kkk efTHfE =∈= +
φφ :1 .We prove that 1E  is a bounded 

subset of +
φH . Let ( ) { } ,0,: ><∈== + ηηη

φφ fHfVV be a 

neighborhood of zero in +
φH . Since π  and φT~  are open there 

exists 01 >α such that { } ( )( )VoTuuW
p

p πα φ
~: 1 ⊆<∈= l   

(See [13]). Let { }1,1min0 αα << .Then 10 ≤<α  and WE ⊆β  
whenever αβ ≤<0 . Thus, ( )( ) ( )VTVoTE φφ πβ =⊆ ~ .  Hence, 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⊆ VTE

βφ
1 .Therefore, 

( ) VVTTETE ⊆⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⊆⊆

−−

β
βββ φφφ

111
1  

whenever αβ ≤<0 .Thus 1E  is a topologically bounded subset of +
φH . 

Clearly, { }nkknBfE knn >== ...,,2,1,:/ ,2  is bounded since 
+∈ φHBf knn ,/  and 

φφ nknn fBf =,/ . Therefore, by [9, Corollary 3.2, p. 

18], there exists a positive continuous function ( ) −→↓ 10 rasrω  and  

( ) ( )
⎟
⎠
⎞

⎜
⎝
⎛

−
≤ −

2
1

, 1
2/,

r
rBfrM knn

ωφ  

( )1,0∈∀ r  and ∈∀ nk , N where nk > . Since 1→= nnr λ  as 
∞→n , there exists ∈on N such that  

( )
( ) ( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

≤≤ −
2

1
,

, 1
1/,

n
knnn

nkn

nn

r
BfrM

B
f

φ
λ
λ  

for all onn ≥ .Thus, 
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( )
( )

( )
1

1
1

1

,2
1,

≤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
−

nkn
n

nn

nkn B
r

f
B

λφ

λ
λ

 

for all onn ≥ . If 1<≤ rz  , then 

.)1(
1

2
1

||
1

1
1

1 11
∑ ∑∑
∞

=

∞

=

∞

=

∞<−
−

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−≤
−
−

−
m m

m
m

m

m

m

m m

m

rz
z

z
z

λ
λ

λ
λ
λ

λ
λ  

Therefore, by [14, Theorem 15.5], ( ) 0>nnB λ  for 

1...,,2,1 −= onn . Let ( ){ }nnnn
B

o

λδ ,1min
11 −≤≤

= .Then )( nλ  is uniformly 

separated since ( ) 0>≥ δλnnB  for all ∈n N. 

Next we consider the relation between free interpolation and 
harmonic functions. Let )(DHar denote the space of harmonic functions 
in D and )(DHar+ the subspace of its positive functions. 

When ( )nλ=Λ  is a sequence in D  such that ( ) ∞<−∑
∞

=1
1

n
nλ , we define 

( ){ },...3,2,1),()||(thatsuch)(: =≤∈∃= + nhcDHarhc nnn λφφl  

and 

( ){ },...3,2,1),()||(thatsuch)(boundedquaqsia: =≤∈−∃= +
+ nhcDHarhc nnn λφφl

 The main results of  A. Hartmann [5 ] is giving equivalent conditions 
for free interpolation in N and +N depending on the canonical 
factorization of functions in them in terms of Blaschke products, singular 
inner functions and outer functions which is not available in 

φH and +
φH in general. Also, in [6] he defined big Hardy-Orlicz spaces 

and characterized free interpolation in them. Here we prove the following 
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results noting that, according to his results, when )1log()( xx +=φ , 
equivalence holds in theorem 4.4(i) and (iii) below. 

Theorem 4.4 Let ( ) ( ) ( ) 0,, ≥+≤ babaab φφφ . 

(i) If )|( Λ= φφ Hl , then )( φHInt∈Λ  

(ii)  If )( φHInt∈Λ , then φφ lH ⊆Λ)|(  

(iii) If  )|( Λ= ++
φφ Hl  , then )( +∈Λ φHInt  

(iv) If )( +∈Λ φHInt ), then ++ ⊆Λ φφ lH )|(  

(v) Let 0)),1(log()( ≥+= xxx ψφ , where ψ is a modulus function.  

If )( NInt∈Λ , then )( φHInt∈Λ . Moreover, If )( +∈Λ NInt , then 

)( +∈Λ φHInt . 

Proof: (i) Assume that )|( Λ= φφ Hl and ( ) ∞∈ lcn . Then there exists 
a positive constant c such that ( ) ,...3,2,1,)(|| =∞<≤ nccn φφ .Therefore, 

)|()( Λ=∈ φφ Hcn l . 

This implies that )( φHInt∈Λ since )|( Λ⊆∞
φHl . 

(ii) Assume that )( φHInt∈Λ and ( ) )|( Λ∈ φHcn . Then there exists 

φHf ∈  such that ( ) ))(( nn fc λ= . Let fuh = . 
Then ( ) ,...3,2,1),(|))((||| =≤= nhfc nnn λλφφ . 

Therefore, φφ lH ⊆Λ)|( . 

The proof of (iii) and (iv) is similar to (i) and (ii). 

For (v) the inequalities 0,1][1 ≥+≤+≤ xxxx imply that 
0),1)(1()( ≥+≤ xxx ψψ . 
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Hence, 0)),1log(1)(1())1(log()( ≥++≤+= xxxx ψψφ .Thus,

φHN ⊆ and ++ ⊆ φHN  

which implies (v).  

Finally under certain constraints on φ  we get the following results. 

Theorem 4.5 Let ( ) ( ) ( ) 0,, ≥+≤ babaab φφφ and αφ
=

∞→ x
x

x log
)(lim . 

(i) If ),0( ∞∈α , then )( φHInt∈Λ iff )(NInt∈Λ and )( +∈Λ φHInt iff 

)( +∈Λ NInt  

(ii) If ∞=α , then  ⇒∈Λ )( φHInt )(NInt∈Λ  and 

⇒∈Λ + )( φHInt )( +∈Λ NInt . 

(iii) If 0=α , then ⇒∈Λ )(NInt )( φHInt∈Λ  and ⇒∈Λ + )(NInt  

)( +∈Λ φHInt . 

Proof: (i) Let ),0( ∞∈α .Then there exists 10 >x such that  

xxx log
2

3)(log
2

αφα
<< , for all 0xx ≥ . 

Hence, 

)(21log1log1)1log( xxxx φ
α

+≤+=+≤+ + , for all 0xx ≥ . 

Thus, 

)(2)1log(1)1log( 0 xxx φ
α

+++≤+ , for all 0≥x , 

implies that NH ⊆φ and ++ ⊆ NHφ . Also, we have 

)()1log(
2

3)( 0xxx φαφ ++≤ , for all 0≥x  
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implies that φHN ⊆ and ++ ⊆ φHN .Therefore, (i) holds since φHN = and 
++ = φHN . 

(ii) Let ∞=α . Then there exists 10 >x such that 

)(log xx φ< , for all 0xx ≥ . 

Hence, 

)()1log(1)1log( 0 xxx φ+++≤+ , for all 0≥x . 

Thus, NH ⊆φ  and ++ ⊆ NHφ which implies (ii). 

(iii) Let 0=α . Then there exists 10 >x such that  

xx log)( <φ , for all 0xx ≥ . 

Hence, 

)1log()1log()1log(log)( 0 xxxxx +++<+<<φ , for all 0≥x . 

Thus, φHN ⊆ and ++ ⊆ φHN  which implies (iii).  
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