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17 The Killingbeck potential consists of oscillator potential plus Cornell potential, i.e. ar?+
br — ¢/r, that it has received a great deal of attention in particle physics. In this paper,
19 we study the energy levels and wave function for arbitrary m-state in two-dimensional
(2D) Schrodinger equation (SE) with a Killingbeck potential under the influence of
21 strong external uniform magnetic and Aharonov—Bohm (AB) flux fields perpendicular
to the plane where the interacting particles are confined. We use the wave function
23 Ansatz method to solve the radial problem of the Schrédinger equation with Killingbeck
potential. We obtain the energy levels in the absence of external fields and also find the
25 energy levels of the familiar Coulomb and Harmonic oscillator potentials.
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27 Killingbeck potential; wave function Ansatz; harmonic and Coulomb potentials.
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29 1. Introduction
Solutions of fundamental dynamical equations are of great interest in many fields
31 of physics and chemistry. The exact solutions of the SE are possible only for a
few potentials. In this regards, the exact solutions of the SE for a hydrogen atom
33 (Coulombic) and a harmonic oscillator represent two typical examples in quantum

mechanics.! ® SE has been solved with different potentials and methods.® 17
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The Killingbeck potential'®!? consist of harmonic oscillator plus Cornell poten-

tial, i.e.
V(r,¢) = ar® 4 br — ; , (1)
1 where a, b and c are free parameters. Due to its importance, it has been employed
extensively in condensed matter, atomic, and molecular physics, and has an useful
3 application in the quarkonium spectroscopy and in a hydrogen atom to describe
the Stark effect.?0 28 It may be stressed that a specific situation can emerge when
5 the parameters a and b are simultaneously small, and leads to a particular atomic
description of a perturbed Coulomb problem.?6 This potential was investigated by
7 applying power series expansion and the supersymmetric perturbation theory.2?-3°
Boumedjane et al. investigated the lowest energy states and the corresponding wave
9 functions for the generalized Killingbeck potential within the context of the recently
introduced differential quadratic method.?! Aygun et al. presented an alternative
11 approach, the asymptotic iteration method, to solve the two-dimensional (2D) radial
Schrodinger equation for the Killingbeck potential in a magnetic field.?2 Recently,
13 Hamzavi et al. have studied the Dirac equation for the Killingbeck potential to
obtain the energy eigenvalues and the corresponding wave functions in the presence
15 of spin and pseudo-spin symmetries by using wave function Ansatz method.33:34
The motivation of the present work is to study the nonrelativistic energy eigen-
17 values and wave functions for a particle in the Killingbeck (harmonic plus Cornell)
field and subjected to external uniform magnetic and Aharonov—Bohm (AB) flux
19 fields following the same method used previously in Ref. 33. So, we solve the SE
equation for the Killingbeck potential in 2D space in the presence of external mag-
21 netic and AB flux fields by using wave function Ansatz method.3% 37
The structure of this paper is as follows. In Sec. 2, we introduce the SE in
23 the presence of external fields. Then, the resulting radial SE is applied to deal
with the Killingbeck potential in order to obtain the energy eigenvalue formula
25 and the corresponding wave function. Section 3 is devoted for discussions of some
particular cases from our solution including the cases of harmonic oscillator and
27 Coulomb potentials. We end with summary and conclusions in Sec. 4.

2. Radial Schrédinger Equation for Killingbeck Potential in the
29 External Fields

We consider a 2D charged particles with charge, e, and effective mass, pu, interact-
ing via a radially symmetrical interaction potential V' (r, ¢) under the influence of
external uniform magnetic field, B = BZ and an AB flux field, applied simultane-
ously. The SE with a vector potential A and repulsive interaction potential V (r, ¢)

can be written as!?38

1

[@ (p-Ca) +vir ¢>] W(r, ) = Eb(r,6), (2)
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where the vector potential A may be represented as a sum of two terms, A = A +
A5 such that V x A; = B and V x Ay = 0 where B = B2 is the applied magnetic
field, and A5 describes the additional magnetic flux ®ap created by a solenoid.

Hence, the vector potentials have the following azimuthal components3?— 42

o 1 o Br -~ - CI)AB ~ - Br (I)AB ~
Ar=gBxr="0 Ar=500, A_(z +2m«)¢' ®)

We use the 2D cylindrical wave function as

1 R(r

Y(r,¢) = L RO
V2T \/F
where m is the magnetic quantum number. Substituting the wave function (4) and
Killingbeck potential (1) into the SE (2), we obtain a second order differential
equation satisfying the radial part of the wave function; namely R(r) in units i =

eMm m=0,4+1,42,.. ., (4)

c=1,
d*R(r) 5 o g m?—1/4
W—i— eE—Tr —b1r+?—T R(r)=0, (5)
where
/ 2 pwe\?
e =2ulE — pwem', :( > ) + 2ua, by =2ub, ¢ =2puc, (6)
and
P 27 eB
m'=m+& f=—22, o=, we=—. (7)
D e I
1 It is worth noting that ¢ is taken as an integer with the flux quantum ®y and w,.

is the cyclotron frequency. The AB flux field inside solenoid adds a new quantum
3 number in the present model.
In developing a solution to Eq. (5), we start with the following choice of the
wave function in the form

Ry (r) = fu(r) explgm(r)], (8)

where the functions f,(r) in above equation assigns the number of nodes to the
wave function and is defined by33737
1 forn =20,
fa(r) =9 1 (9)
" H(r—a?) forn>1,
i=1

Further, the function g,,(r) should be in the form

1
gm(r) = —Epr2 —qr+dlnr, (10)

with p, ¢ and § as positive parameters whose values are to be determined in terms of
potential parameters a, b and ¢. The wave function (8) satisfies the usual asymptotic
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requirements and the finiteness at the origin and infinity for the bound state, i.e.
we require R(0) = 0 and R(co) — 0. So, by Eq. (8), we obtain

Phnlt) s 1)+ ) + 20

For case n = 0, substituting fo(r) and g,,,(r) in the above equation and comparing
the obtained equation with Eq. (5) leads to

] Ry (7). (11)

o 52 2q0
[—p——2+p2r2+q2+—2+2pqr—2p5—i]
r r r
12—1
+{6—72r2—b1r+c—1—m2 }:0. (12)
r r

By equating the corresponding powers of r on Eq. (12), one can obtain

e+q>—p(204+1)=0, (13a)

56— 1)— (m'2 _ i) ~0, (13b)

PP—7"=0, (13¢)
2pg —b1 =0, (13d)
2g0 —c1 =0. (13e)

To have well-behaved solutions at boundaries, namely the origin (r = 0) and infinity
(r — 00), we can conveniently obtain, from Egs. (13b) and (13c), the wave func-

tion Ansatz parameters as § = |m/| + % and p = /(552)? 4 2ua > 0, respectively.
Therefore, from (13d) and (13e), one can obtain restriction on the potential param-

e/ (55%)%+2pa . . .
eters as b = BT e Finally, the ground state energy eigenvalues formula is
2

found via Eqs. (13a), (6) and (7) as

/

2 2

Eom = —(2“3,7711)2 % (“‘;) + 2pa(|m] + 1) + 2 (14)
1 Some numerical results are shown in Figs. 1 and 2. We use parameter set as: a =
0.04, ¢ = 1 and in a.u. units as h = 2u = 1.29731 In Fig. 1, we plotted the variations
3 of eigenenergy as a function of applied strong magnetic fields for different values of
AB flux fields¢. It is seen from Fig. 1 that the dependence of Ey; on w, is linear
5 for large applied magnetic fields.3%4142 In Fig. 2, we plotted the variations of eigen
energy as a function of applied small magnetic field values and it is seen that the

7 dependence of Ey; on w, is nonlinear for small applied magnetic fields.3%:41:42
It is clear from Figs. 1 and 2 that the energy levels are dependent on magnetic
9 field (B) along the zz-direction and AB flux field (o) created from infinitely long
solenoid inserted inside the potential which can only contribute a phase outside
11 the solenoid. Consequently, the presence of AB flux field affects only the magnetic
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Fig. 1. (Color online) Eigenenergies in a.u. as a function of strong magnetic field values with
different AB flux fields.

0.2 -
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Fig. 2. Eigen energies in a.u. as a function of small magnetic field values.

1 quantum number and the presence of magnetic field affects only oscillator frequency
in the system.
Finally, the normalized eigenfunctions are given as

N()m | /| |: <1 2 4C > :| ime
m(r, @) = r™lexp | — | 5% + o1 | p| ™7, 15
3 where Ny, is the normalization factor. It is obvious from above result that

Yom (r — 00, @) — 0 and 1o, (0, @) = 0.
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In the presence of external magnetic and AB flux fields, when a = puw?/2 and
b = ¢ = 0, we obtain via Eq. (14) the energy spectrum formula for harmonic
oscillator is

1 1
Eom = §wcm’ + §(|m’| +1)Vw? + 4w?, (16)

which is identical to Eq. (33) of Ref. 40. The wave function becomes

o) = 2y (2,2) e an

1 3. Some Special Cases without External Fields

In this section, we will find the energy levels in absence of external magnetic and
3 AB flux fields and the energy levels in 3D. Coulomb and harmonic oscillator are
two special cases to see the accuracy of our results.
First, in the absence of external magnetic fields, i.e. B = ®ap = 0, the energy
equation (14) reduces to

24162 2a
Eop =———F/— +1/— +1). 18
om =~ 517 T Y e (D) (18)

Second, above energy equation reduces to 3D space if one replaces m by [ + 1/2

ag37-43,44
2a 3 uc? 2a< 3) b?
no— [ H_)_i:‘/_ A N 19
" u( 2) 2(+1)? 1 2) 4a (19)

5 It is to be noted that the above analytical result reduces to the result in Ref. 44
when one is replacing n = 0 and N = 3 in Eq. (29). It can also be reduced into the

7 existing literature results.*> 47 when n — 0 and p = 1.
The comparison of the eigenvalues Fy; (in a.u., i = 2u = 1) between this work
9 and the analytical results from Refs. 29 and 31 treated by the power series method,
the supersymmetric perturbation theory and differential quadratic method, respec-
11 tively, is listed in Tables 1 and 3. In the light of this, we observe that the results
found for different values of the parameters (a; b; ¢) are in fair agreement with those

13 taken in Refs. 29-31.

Table 1. Bound state energy eigenvalues of the Killingbeck potential in a.u. with ¢ =1 for

[ =0.
a (Ref. 31) b b (Ref. 31) Eoo Eoo (Ref. 31) Eoo (Refs. 29 and 30)
0.01 0.1 0.1 0.05 0.0499 0.05
0.04 0.2 0.2 0.35 0.35 0.35
4 2.0 2.0 5.75 5.749 5.75
100 10 10 29.75 29.75 29.75
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Table 2. Bound state energy eigenvalues of the Killingbeck potential in a.u. with
c=1forl=1.

a (Ref. 31) b b (Ref. 31) Eo1 Eo1 (Ref. 31)  Eo1 (Refs. 29 and 30)

0.01 0.05 0.05 0.4375 0.43749 0.4375
0.04 0.1 0.1 0.9375 0.9377 0.9375

4 1 1 9.9375 9.9376 9.9375
100 5 5 49.9375 49.9375 49.9375

Table 3. Bound state energy eigenvalues of the Killingbeck potential in a.u. with ¢ = 1

for | = 2.
a (Ref. 31) b b (Ref. 31) Eoo Eo2 (Ref. 31)  Ep2 (Refs. 29 and 30)
0.01 0.0333 0.0333 0.67222 0.67277 0.67277
0.04 0.0666 0.0666 1.372222 1.372276 1.372277
4 0.6666 0.6666 13.97222 13.97227 13.97227
100 3.3333 3.333 69.972222 69.972226 69.972227

Third, when potential constant a = b = 0, the Killingbeck potential reduces to

the Coulomb potential and its energy levels become as'+?
1 pc?
B = —-———. 20
T (20)
Finally, when potential parameters b = ¢ = 0, the Killingbeck potential reduces to
the harmonic oscillator potential and its energy levels turns out to be!240
3
EOlH.o. =w(l+ 5 ’ (21)
1 where we put a = %uwz.

4. Conclusions and Remarks

3 By using the wave function Ansatz method, we investigated the ground states
energy levels and wave function for arbitrary m-state in 2D Schrodinger equation
5 with a Killingbeck potential under the influence of strong/weak external uniform
magnetic and AB flux fields We obtained the energy levels of Killingbeck potential
7 in the absence of external fields and compared with those ones obtained by other
methods. Finally, we found the energy levels of the familiar Coulomb and Harmonic
9 oscillator potentials to show the accuracy of our results.
Acknowledgments
11 We would like to thank the kind referees for the enlightening comments and positive

suggestions which have greatly improved the present paper.
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