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Abstract. The energy eigenvalues of bound states of an
electron in the general exponential cosine screened Cou-
lomb potential are obtained using the shifted 1/N expan-
sion method. The energies for the states from 1sto 8k are
calculated from six to eight significant figures. The energy
eigenvalues for the 15, 2s—2p, 35—34d, and 45—4f states
are also presented as a function of the screening parame-
ter 1. Results are compared with the ones obtained by
other workers. The agreement reduces roughly for large
A. It is also observed that the convergence of the expan-
sion series increases remarkably as [ increases.

PACS: 03.65.Ge; 32.30.—r

I. Introduction

Screened Coulomb potentials are known to adequately
describe the effective interaction in many-body atomic
phenomena. The general exponential cosine screened
Coulomb potential (GECSCP),

1
Vr)= - e *"cos (eAr),

where ¢ is a constant, is important in this class of poten-
tials [1-4].

The Schrodinger equation for such a potential does
not admit cxact solutions. So various approximate
methods both numerical and analytical have been devel-
oped. It has applications in various fields of physics such
as plasma physics, nuclear physics and solid state physics
[5-18]. Lam and Varshni [5] have employed perturbation
and variation methods to obtain the energy eigenvalues,
the critical screening parameter and the number of bound
states for the GECSCP. Further, the energy eigenvalues
of the ECSCP [6] have been recalculated for the 1s state
using the ground-states logarithmic perturbation theory
[7,8] and the Pade approximant method. The critical
screening parameter 4, for the s states has been studied

[9]. Lai [10] has been shown that the problem of screened
Coulomb potentials can be solved to very high accuracy
by using the hypervirial relations [11, 13] and the Pade
approximant method. Lai has also reported [14] that the
bound-states energies of the GECSCP for all eigenstates
can be accurately determined within the framework of
the same hypervirial Pade scheme. Dutt [ 15] investigated
the problem of GECSCP to compute the energies for
various s-states using the Ecker-Weizel approximation.
He also extended the work of [1] with more complete
problems and determined 4, in the 1s state analytically
[16]. Singh and Varshni [17] employed a numerical
method to calculate the critical screening parameters and
some energy eigenvalues for the ls to 8% states. Sever
and Tezcan [18] studied the problem of the GECSCP
in the context of the large-N expansion and obtained
energies of the ground state and the first excited state
and the corresponding wave functions.

In this work, we investigate the bound-states of the
more general GECSCP using the shifted 1/N expansion
technique [19] which has been proved itself in solving
the quantum mechanical problems. In Sect. II, we for-
mulate the problem for any bound-state. In Sect. ITI, we
discuss and compare our results with the other findings
and results obtained by using the other methods for the
sake of comparison. Finally Sect. IV is devoted for our
conclusions.

II. The method

The N-dimensional radial Schrédinger equation for the
GECSCP in atomic units (A=m=c=e=1) has the gen-
eral form

[__ 1 & +[i€-—(1—a)][i€—(3—a)]
2 dr? 872
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where k=N +2[—a, a is the so-called shifting parame-
ter. We follow the prescription of the shifted 1/N ex-
pansion introduced by Imbo et al. [19] and make use of
the expansions of V(r) and E developed recently by us
[20] to solve (1) for it’s bound-state energies. The energy
eigenvalues are given by an expansion in powers of 1/k
as follows

£ k2 [i_ 1
wor2 |8 4(1+Ar,+eAr tan(edr,))

(V] 2)
Y y 1

where ™ and y® are defined in [21]. The quantities
used in these definitions are listed in Appendix A.

The quantity r, is chosen so as to minimize the leading
term, E, [20]. That is,

dE, &°E,
oo and L2000,
dr, an dr 0 )

and therefore it satisfies the equation

QI+D)+Q2n+ D)o

=2 )/rycos(eArg)e “¥°(1+Ary+eArytan (edry)) , (4)

where
d=2w
_ (1 +Arg—Atri+e?Ar2+etan (elra)(lro—212r§)>1/2
1+Ary+eArytan(edr,) ’
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Once r, is determined, the task of obtaining the energy
eigenvalues from the algebraic expression (2) and the
other related equations become relatively simple and
straight-forward. In (2) and (4), n, and n=(n,+1+1) are
the radial and principal quantum numbers, respectively.
The shifting parameter a is defined by

a=2~02n+Da, (6)

Table 1. Critical screening parameter and energy eigenvalues for 1/1,=0.2, 0.4, 0.6, and 0.8 for states 1s to 8%. Energies are in atomic

units

State A, —-E,,
AfA, =02 0.4 0.6 0.8

ls 0.720 524 085 88 0.358 409 88 0.229 165 57 0.120 212 67 0.042 203 71
2s 0.166 617 60 0.092 13233 0.061 608 30 0.035 02599 0.013718 66
3s 0.072436 99 0.041 255 06 0.027 928 33 0.016 259 67 0.006 797 35
4s 0.040 427 22 0.023 266 77 0.015 81907 0.009 288 66 0.003979 19
Ss 0.025 787 30 0.014907 19 0.010 15402 0.005 984 67 0.002 59294
6s 0.017 878 28 0.010 357 86 0.007 061 75 0.004 170 25 0.001 818 10
Ts 0.013 12287 0.007 61219 0.005 19252 0.003 069 96 0.001 343 64
8s 0.010 041 42 0.005 829 18 0.003 977 58 0.002 353 44 0.001 03279
2p 0.148 20503 0.095 59423 0.067 435 68 0.041 45300 0.018 504 59
3p 0.068 712 14 0.041 95312 0.029 086 74 0.017 483 65 0.007 587 69
4p 0.039 263 40 0.023 484 29 0.016175 11 0.009 646 77 0.004 163 42
5p 0.025 31562 0.014995 15 0.010 296 24 0.006 120 49 0.002 642 42
6p 0.017 65207 0.010 399 98 0.007 129 04 0.004 231 16 0.001 830 09
7P 0.013 001 07 0.007 634 83 0.005 228 30 0.003 100 56 0.001 343 89
8p 0.009 970 09 0.005 842 43 0.003 998 28 0.002 37010 0.001 029 36
3d 0.063 581 54 0.042 91863 0.030 71091 0.019 266 56 0.008 890 31
4d 0.037 405 05 0.023 832 89 0.016 756 04 0.010 271 31 0.004 594 56
5d 0.024 500 01 0.01514785 0.010 548 91 0.006 386 61 0.00281319
6d 0.017 24290 0.010 476 48 0.007 254 85 0.004 360 91 0.001 906 28
7d 0.01277470 0.007 677 11 0.005 297 44 0.003 170 34 0.001 380 73
8d 0.009 83521 0.005 867 76 0.004 039 22 0.002 410 50 0.001 048 10
af 0.035 241 24 0.024 240 68 0.017 443 83 0.011 028 52 0.005 148 49
5f 0.023 48216 0.01533908 0.010 868 90 0.006 73376 0.003 058 97
6f 0.016 708 15 0.010576 75 0.007 421 69 0.004 539 50 0.002 027 82
1f 0.012 469 38 0.007 73429 0.00539213 0.003 270 36 0.001 44572
8f 0.009 649 19 0.005 902 40 0.004 096 61 0.002 470 32 0.001 084 95
5g 0.022371 42 0.015 548 64 001122313 0.007 124 83 0.003 345 99
6g 0.016 099 48 0.010 691 27 0.007 613 88 0.004 749 17 0.002 178 17
1g 0.012 11084 0.007 801 61 0.005 504 54 0.003 391 74 0.001 530 49
8g 0.009 425 57 0.005 944 33 0.004 166 34 0.002 544 87 0.001 13547
6h 0.015 455 48 0.010 81285 0.007 819 75 0.004 976 95 0.002 345 81
7h 0.011 720 49 0.007 87511 0.005 628 20 0.003 527 16 0.001 628 35
8h 0.009 176 57 0.005991 13 0.004 24470 0.002 629 95 0.001 19575
7i 0.011 31442 0.007 95182 0.005 758 24 0.003 671 30 0.001 734 65
8i 0.008 91213 0.006 040 96 0.004 328 69 0.002 722 20 0.001 262 76
Bk 0.008 639 85 0.006 092 42 0.004 416 01 0.002 819 10 0.001 334 36




HI. Results and discussions

We display the critical screening parameters 4, and bind-
ing energies —E, ;at A/1,=0.2, 0.4, 0.6, and 0.8 for the
15 to 8 & states in Table 1. We have compared our results
with those of [17]. We observe the exact agreement with
the other findings when A/4_,=0.2 and 0.4 and highly
accurate result for 2/4,=0.6 and 0.8. As in [5], it was
also noticed that our results become exact with increasing
quantum numbers. In Table 2 we list £, and E,, values
calculated for various screening parameters between 0
and 1,. In Tables 3, 4, we present the calculated energy
eigenvalues E, ; as a function of screening parameter A
for the 1s, 25—2p, 35—3d, and 4s—4 f states respec-
tively. Our estimated values of the energy eigenvalues
are compared with those of the Pade approximation
E[10, 10] and E[10, 11] by Lai [14] and the pertubation
and variational calculations by Lam and Varshni [5]. As

Table 2. Energy eigenvalues as a function of screening parameter

A for the 1s and 2p staies in atomic units

A - Els - E2P

0.00 0.500 000 00 0.125 000 06
0.02 0.480 007 83 0.105 074 64
0.04 0.460 061 01 0.085 559 07
0.06 0.440 200 57 0.066 777 29
0.08 0.420 463 86 0.048 996 93
0.10 0.400 884 21 0.032470 11
0.12 0.38149273 0.017 488 58
0.13 0.371 87564 0.010 707 76
0.14 0.362 316 55 0.004 519 88

clear from Tables 3-6, the estimated values from the
shifted 1/N expansion method for various values of
screening parameter A coincide, except for the values of

A very close to the critical screening parameter 4.

Table 3. Energy eigenvalues as a function of screening parameter A for the 1s state in atomic units

y E10,10] E[10,11] Perturbation Variational Shifted

0.50 —0.077 680 -0.077 679 —0.068 047 —0.077 606 ~0.078 53270
0.40 —0.142 439 ~0.142 439 —-0.139 153 —0.142 418 —0.142 487 11
0.30 —0.219 416 -0.219 416 —0.218 619 —0.219 411 -0.219 391 58
0.20 —0.306 335 -0.306 335 —0.306 235 —0.306 334 —0.306 326 33
0.10 —0.400 885 ~0.400 885 —0.400 883 —0.400 885 —0.400 884 21
0.08 —0.420 464 —0.420 464 —0.420 464 —0.420 464 - 0.420 463 86
0.06 —0.440 201 —0.440 201 —0.440 201 —0.440 201 - 0.440 200 39
Table 4. Energy eigenvalues as a function of screening parameter A for the 25 and 2p states in atomic units

State A E[10,10] E[10,11] Perturbation Variational Shifted

2s 0.10 -0.034 941 ~-0.034 941 —0.034 425 -0.034 935 - 0.035 004 67
2p -0.032 469 —0.032 469 —-0.032 042 ~0.032470 15
2s 0.08 —0.050 387 -0.050 387 -0.050 222 - 0.050 384 -0.050 408 25
2p —0.048 997 —0.048 997 ~(.048 996 93
2s 0.06 -0.067 421 -0.067 421 - 0.067 385 —0.067 421 - 0.067 426 08
2p ~0.066 778 —.066 778 - 0.066 777 29
2s 0.04 —-0.085 769 —0.085 769 - 0.085 767 -0.085 769 - (.085 769 59
2p -0.085 591 ~0.085 591 -0.085 55913
2s 0.02 —0.105 104 ~0.105 104 —0.105 104 —0.105 104 -0.105 103 61
2p —-0.105 075 -0.105 075 -0.105 075 -0.105 074 64
Table 5. Energy eigenvalues as a function of screening parameter A for the 3s, 3p and 3d states in atomic units

State A E[10,10] Ef[10,11] Perturbation Variational Shifted

3s 0.06 -0.005 461 - 0.005 462 —0.004 538 —-0.005 454 - 0.005 666 38
3p -0.004 471 -0.004 472 -0.004 492 33
3d -0.002 308 - 0.002 309 - 0.002 313 56
3s 0.05 -0.011 576 -0.011 576 - 0.011 68544
3p -0.010 929 -0.010929 -0.010 538 -0.010939 85
3d - 0.009 555 - 0.009 555 -0.009 292 - 0.009 55542
3s 0.04 -0.018 823 -0.018 823 -0.018 707 -0.018 822 —0.018 867 16
3p —0.018 453 —0.018 453 —0.018 457 05
3d —0.017 682 —0.017 682 —0.017 682 08
3s 0.02 —0.036 025 -0.036 025 -0.036 022 —0.036 025 —~0.036 027 38
3p —0.035 968 ~0.035 968 -0.035965 —0.035967 71
3d —0.035851 —0.035 851 —0.035 849 —0.035 850 66
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Table 6. Energy eigenvalues as a function of screening parameter 4 for the 4s, 4p, 4d and 4 f states in atomic units

State A E[10,10] E[10,11] Perturbation Variational Shifted
4s 0.04 —0.000 119 —0.000 125 +0.001 079 ~0.000 118 —-0.00032273
4s 0.03 —0.005 270 —0.005 270 —0.005 375 32
4p —0.005 033 —0.005033 —-0.005059 64
4d —0.004 539 —0.004 539 —0.004 541 86
4f —0.003 748 —0.003 748 —0.003 748 34
4s 0.02 —0.012572 —0.012572 —0.012 539 -0.012 572 -0.01259233
4p —0.012 486 —0.012 486 —0.012 454 —-0.012 490 69
4d —-0.012310 —0.012310 —0.012283 ~0.012 310 65
4f —0.012 038 —0.012 038 —0.012 019 —-0.012038 16
4s 0.01 —0.021 438 —0.021 438 —0.021 436 - 0.021 437 —-0.021 438 62
4p —0.021 424 —0.021 424 —0.021 424 —0.021 424 62
4d —0.021 398 —0.021 398 —0.021 397 —0.021 39799
4f —0.021 358 —0.021 358 —0.021 357 —0.021 357 83
L i L LA SRR AR AERARAREE The accuracy as well as the convergence increases as
s 1 the principal and angular quantum numbers increase.
- 3 Figures 1 and 2 show that binding energies as a func-
0.8 El tion of the screening parameter become flatter with in-
£ 3 creasing quantum numbers. This point is clear when we
£ 2p ; 1 _ 3 . . . -
g ] plot —2n*E against A /A, for states with maximum an
06 F 1 gular momentum /=n—1 and for s states respectively.
i Sd 3 These plots show a rapid approach to a limiting behavior
e F ] for large quantum numbers. Similar behavior is exhibited
04 157 8k 3 by states with other values of /.
I :
oz b E Appendix A. The values of ¢,’s, 4 s and y®
< E and y® for ECSCP are
- ] 1—a)(3—a
0.0 Friit TN 51:_(_b)4_(_~)’ 52~_%51, (AD)
0.0 0.2 0.4 0.6 0.8 1.0
M 8;=(2—a), d,=—33, (A2)
Fig. 1. Quantity (—2#*E) as a function of 1/, for 1s, 2p, 34,
and 8k states. Curves for 4 f, 5g, 64, and 7j states lie so cloge to e =Ly .= —3g (A3)
the curve for the 8% state that they cannot be shown separately on 12%3 2 473
the scale of the diagram ,
3= =3+ =5 e TH0cos (8Aro) [1+ Arg+EAT 3 +EA% 1]
1.0 T T T T P T T T T T T T T T Y T T T T T T T
: +eetan (edry) (Arg+A%ri +323r3)
08 —1e? (A2 + A% rd)—tetan(edry) A%r3], (A4)
F 1 fo  _
: i gs=3— =5 e cos(eAry)
06 E = k
Sl ] X[1+Arg+3 A5 +5A%r5 + 55 A%rg
[ C n
04 F ] +etan(edry) (Arg+ AP, +5 2313 +12%r8)
| r 3
: : ~3e (W3 + AT +52%)
02 ~Ledtan (edr) (A rE + A%+ 4 %448, (A5)
g ] .
0.0 ST T T TR T 55="‘%“}“l”c—%‘e_ArOCOS(Eﬂ.rO)[I+A,}’O+%A.27‘§
0.0 0.2 0.4 0.6 0.8 1.0
A/ A I8+ Atrd + 25 A%k Fetan(eAry)

Fig. 2, Quantity (—2n*E) as a function of 4 /2, for 1s, 25, and 8s
states. Curves for 35— 7s states lic so close to the curve for the &s
stae that they cannot be shown separately on the scale of the dia-
gram

X(Arg+APrE +3 2303 + 2% + 55 A°73)

—3e2 (AP i+ 233 LAt + 1A%



—g& tan(edry) (A°r5 +A%r5 +32°15)
+ar et (A + A7) + o e tan(edrg) 2151, (A6)

So=h—1% e *cos (eAro) [+ Aro + 3%+ 47

&

ok Atra 4 i Ars H g A%

+ e tan (eAry) (Arg+A2rg+ 3 A%+ A%
+a5 A% 135 ATS)

— L2 (A L33 LA H AT 5 A5
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+ et (A4 2513 + 52578
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