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Abstract. We develop an approach to the solution of the 
spinless Bethe-Salpeter equation for the different-mass 
case. Although the calculations are developed for spin- 
zero particles in any arbitratry spherically symmetric 
potential, the non-Coulombic effective power-law poten- 
tial is used as a kernel to produce the spin-averaged 
bound states of the non-self-conjugate mesons. The ana- 
lytical formulas are also applicable to the self-conjugate 
mesons in the equal-mass case. The flavor-independent 
case is investigated in this work. The calculations are 
carried out to the third-order correction of the energy 
series. Results are consistent with those obtained before. 

I Introduction 

The relativistic Bethe-Salpeter equation [1-3] is appeal- 
ing because it is explicitly covariant and has at least 
formal connection with quantum field theory and per- 
turbation theory. A standard approximation is introduced 
by replacing the interaction kernel by an instantaneous 
local potential and neglecting spin and the coupling of the 
"large-large" and "small-small" components of the wave 
function [3]. 

The spinless Bethe-Salpeter (SBS) equation retains the 
relativistic kinematics and is suitable for describing the 
spin-averaged spectrum of two bound fermions of masses 
m I and m2 and total energy M(Q{t) [4]. Numerical and 
analytical techniques are used to solve the SBS equation. 
However, neither of these techniques is well adapted for 
efficient variation of the potential. These are based on the 
Fourier transform of the equation into the momentum 
space [5] and the expansion of the wave functions in some 
complete set of basis states [2, 6]. Durand and Durand [7] 
constructed an analytic solution to the spinless S-wave 
Salpeter equation for a Coulombic potential. Nickisch 
et al. [3] presented and tested two numerical methods for 
the solution of the relativistic SBS equation of the relativ- 
istic quark-antiquark bound states. Cea and co-workers 
developed a WKB approximation technique for central 

confining potential [8]. However, the semiclassical treat- 
ment of BS equation renders the method applicable only 
to the case of regular or logarithmically divergent poten- 
tials. They have also extended the analysis of [8] to 
a larger class, which includes singular potentials [6]. Also 
they showed that the two WKB methods do not sensibly 
differ when applied to regular potentials. Gupta et al. [9] 
investigated the charmonium spectrum with the use of 
a semirelativistic quantum chromodynamic potential 
model. The essential feature of their model was the inclu- 
sion of the complete one-loop radiative correction in the 
perturbative part of the quark-antiquark potential. Jacobs 
and co-workers [10] developed a unified approach to the 
solution of the Schr6dinger and the spinless Salpeter 
equations and then tested it for the quarkonia. Durand 
and Gara [11] presented a new matrix method for the 
solution of eigenvalue problems that involve nonlocal 
differential operators of the type E = [ -  V 2 + m 2 ] 1/2 typi- 
cally encountered in the solution of the reduced Salpeter 
equation. Lucha et al. [12] have also presented a new 
method for solving the spinless Salpeter equation by 
choosing a special set of ortbonormal basis functions and 
calculated analytically the integral over the corresponding 
kernel as well as the matrix elements of a class of poten- 
tials. 

In the context of application, Gupta et al. [13] invest- 
igated the cg, bb, and ff spectra with the use of a semi- 
relativistic potential model described in an earlier paper 
[9]. They have also extended their approach by develop- 
ing a genuine potential model for heavy quarkonia which 
does not require recourse to an illegitimate perturbative 
treatment by using a non singular potential which was 
recently derived from the scattering operator by means of 
an improved quasistatic approximation [13]. Gara et al. 
[14] presented the results of a detailed study of light- 
and heavy-quark-antiquark bound states in the context of 
the reduced Bethe-Salpeter equation with static vector 
and scalar interactions for spin-dependent as well as for 
spin-independent treatments. Lucha et al. [15, 16] dis- 
cussed the relativistic treatment of fermion-antifermion 
bound states by an effective-Hamiltonian method which 
initiates their description in terms of nonrelativistic poten- 
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tial models. Their approach is equivalent to the instan- 
taneous approximation to the Bethe-Salpeter equation 
called the Salpeter equation but comes closer to physical 
intuition than the later one. They have also presented an 
alternative way of treating fermion-antifermion bound 
states relativistically and then they studied the significance 
of relativistic wave equations for the description of quark- 
antiquark bound states. Lagae [17] presented a straight- 
forward method to reduce the instantaneous Bethe-Sal- 
peter equation to a set of coupled equations for radial 
wave functions. The procedure is intended to be applied to 
mesonic bound states. Lagae [17] in a later work investig- 
ated several models of q-c~ binding in light-quark mesons 
using the Bethe-Salpeter equation in the instantaneous 
approximation. We applied a new approach in the shifted 
1/N expansion technique to the equal-mass Bethe-Sal- 
peter BS equation and then solved it for the some well- 
known static and power-law quarkonium potentials to 
predict the spin-averaged energy levels and bound-state 
self-conjugate meson masses [18]. 

The aim of this paper is to extend the previous work to 
a more general case considering two fermions of different 
masses. It would be interesting to see to what extent the 
same approach is applicable to quarkonia with light 
quarks, u, d, and s. Also, we show that the analysis of this 
work does not sensibly differ from the equal-mass case. 

The plan of the paper is as follows: In Sect. II we 
formulate a general solution for the Bethe-Salpeter equa- 
tion with m~ r m2 for any spherically symmetric potential. 
In Sect. IlI we use the non-Coulombic power-law poten- 
tial to obtain the non-self-conjugate mesons D(cd), F(cw 
B(bd), G(bg) and H(b~). Finally Sect. IV is devoted for our 
conclusions. 

II The method 

We consider a general coordinate-space wave equation of 
the general form [4] 

E( --  172+/7//2 )i/2 + (__ 172 ._}_ m2)1,'2 q_ V ( r ) -  M (Qc~)] ~ (r) = 0, 

(1) 

where the kinetic terms involving the operation 
( __ 172 2 1/2 +rr/1,2) are nonlocal and are defined in terms of 
their Fourier transform. 

The radial part of (1), in the N-dimensional space, for 
the two-body system of different-masses expanded for- 
mally in the powers of (v/c) 2 up to two terms to obtain 
a Schr6dinger equation with relativistic corrections [3, 4] 

- + - -  V(r)  R ( r ) = E . < R ( r ) ,  (2) 
8q 3+ 

where E . / = M ( Q { t ) - m a - m  q. p is the reduced mass and 
r/is a useful parameter which are defined by 

m 1/7//2 
~/ /~/1 -}- m2 ' (3) 

and 

ml  m2 )1/3 
/1 = m l  ~ / ~ i J  # "  (4) 

We write the operator 17~ in the spherical polar coordin- 
ates in the N-dimensional space 

0 2 N--1 ~, 2 LN- 1 I7 2 
N = ~ r 2 q  - r ~r  r 2 (5) 

Employing the transformation 

R(r)=r -IN u/2 q~(r), (6) 

and introducing the shifting parameter k = k - a  with 
k = N + 2f, we obtain a factorized Schr6dinger-like oper- 
ator acting on a reduced wave function with the negative 
sign in 92(r) (as written) gives the physical result and the 
equation takes the simple form 

-21~0r2 gi(r) l + g i ( r )  4 q 3 6 3 ~  q~( r )=0 .  (7) 

where g'l (r)=(4rl3 / t~) gl (r), 1 + g'2(r)=(#/4~13) g2(r) are the 
normalizations of the functions gl(r) and gz(r) which 
come out from the reduction of the fourth-order differen- 
tial equation. They take the general forms 

[ /7- (1-a)3  [ k - - 0 - a ) ]  
gl(r)= 4 32 r/3r 2 

l I E" / -V(r)  (E" / -V(r ) )2  1 ~U~ 1+ (~3/p2) + ~ +(~[(~/c) 3] , 

(8) 
and 

92 (r) = 2 r / ~  3 4 [/7- (1 - a)] [/~- (3 - a)] 
4 r  2 

I E"/ -V(r)  (E"/-V(r))2 + 2~/3 lq q F - ( . g E ( V / ' C ) 3 ]  . 
- -  1,/ ( /73/ / /2)  (y/,3/,L/2 )2 

(9) 

while 

and 

geff(r ) = U(r)  -{- 

1 

[k--(1 - a)] (k-- (3 - a)] 
8/~/r 2 

-2rn~ [ Va(r)-  2E,/ V(r)], (12) 

where m'=(rnlmzl.t)/(mlm2--31.12). The (E,~--V(r)) 2 per- 
turbation term in the last equation is significant only 
where it is small, i.e., ( E , / -  V(r))/2m'~ 1. This condition is 
verified by the confining potentials used to describe 
heavy-quark systems except near the color-Coulomb sin- 
gularity at the origin, and for r--+ oo. However, it is always 

The point is that (#/4113)g2(r)=14-(f'(V2//C2), 
9'1(r) = V(r)-  E~/ + �9 �9 �9 . 4(r) is then 

q~(r)= l+g i ( r )  4r/3 ~2 4(r) ,  (10) 

and is called the Bethe-Salpeter reduced wavefunction 
which is simply take the form qS(r)= [1 + ~c(va/c2)] qS(r). 

Thus, the second order Schr6dinger-like equation to 
order (v/c) 2 becomes 

2ffdr  2 t- Veff(r)- E , , / -  qS(r) =0, (11) 



satisfied on the average as stated by Durand and Durand 
[4]. We now proceed to solve (11) using the shifted 1/N 
expansion method which has been received much atten- 
tion in the recent few years. The technique just described is 
tested on the introduction of a new parameter a to the I/N 
expansion method which is in turn a pseudoperturbative 
technique in the sense that it proposes a perturbation 
parameter that is not directly related to the coupling 
constant. This is a fundamental feature that allows one to 
attack problems that do not involve small coupling con- 
stant or Hamiltonians without a solvable strong term. 
This means that, in principle, one can handle any kind of 
potential and find an approximate solution by making use 
of this approximation. However, this approximation has 
been used, in general, in connection with spherically sym- 
metric potentials and it has also proved itself in solving 
nonrelativistic as well as relativistic equations for a large 
number of physically interesting potentials yielding suffi- 
ciently accurate results. In using this method it is conveni- 
ent to shift the origin of coordinates to r = ro by defining 

X =/71/2 (r  - -  r 0 )IF 0 . (13) 

We expand 

V(r) = (/72/Q) [ V(ro) + V'(ro) ro x//71/2 
+ V'(ro) 1,2 x2/2/7+ �9 �9 .] ,  (14) 

and 

E./= Eo + E,//7+ E 2 / / 7  2 + E 3 / / 7  3 q-" " ". (15) 
Thus, substituting these into (11) and expanding about 
x = 0 in powers of x and k, one gets 

[ 1 d 2 + [ /7  (2-a) (1-a)(3-a)]  
2~d~ 2 ~G 4~ ~ ~;~ _1 

�9 1-FTs+ 7 - . . . .  
V ' ( r o ) r o x  V'(ro) r2 x 2 ] 

r2/7[ V(ro)+ /71/2 I- t - ' - '  
+ Q L  2/7 

[ V'(r~176 V"(r~ ] r 2a7 V(ro)-~ /7t,2 ) +-'" 
2m' Q 2/7 
r2k[ - E 1 E  2 ] [  V'(r~176 +~[Eo+~-+~3..  V(ro)+ ~,.,2 
V'(r~ rg x2 ] ]  

4 2k- I - " -  q~,,(x) = g, ,  q~,,(x), 

where 

(16) 

g., _ ~_[/7(Eo + 2~m,) + ( <  + m  =E~176 
(& Eoe~ E~] l  + +GT-+y2m,j ? 
\ 

[ Eo E3 El E2"~ 1 
~ +  +V3+w-+v-) ] ,,,, 

Q is not arbitrary scale, but is to be set_equal/7 2 after the 
problem is solved formally in the l/k expansion. Thus 
comparing (16) with its counterpart Schr6dinger-like 
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equation for the one-dimensional anharmonic oscillator 
problem which has been investigated in detail for spheri- 
cally symmetric case by Imbo et al. [19-21] we calculate 
all the relevant quantities cS's and e's. The final analytic 
expression for the 1/k expansion of the energy eigenvalues 
appropriate to the BS particle is 

- 1 =k L [~-~ 4 V(ro) #. 

+[(1  + 2 n')~176 

4  Iro) 
2m' Q +ro m Q J 

+~L I m'Q ~-fl'*' 

1 rrff)E3 V(ro) t- (2)]-}-(f)FL ] 
+ V d !  --,-- (18) k L m e # ] Lk 3]' 

where n, is the radial quantum number. The quantities tim 
and fi~2) appearing in the correction to the leading order of 
the energy expression are defined and listed in the Appen- 
dix A. 

Comparing the terms of (17) with those of (18) and 
equating terms of same order in/c yields 

(~)[Eo+2mEO2,]=[ l j  ~ t  ~-~ r~V(rO)Q r2V(r~ 

rZE~ V(r~ (19) 
+ mQ J' 

E l +  , ,  j = 4/~ ]" 

(~)[E2 +~+2-~nTn'J=LE~ E 2 ] Fr2E2V(ro)~,Q ~_/~1,] . (21) 

( ~ ) [ E  3 q - ~ v - + ~ 7 - J =  L E O E 3  E1E2] Vr2E3V(r~ ( 2 ) ] ;  ~ ] .  (22) 

From (19) we get 

X/, (2 (231 E~ V(r~ + n'z q 4rg(kt/m')" 

where ro is chosen to minimize Eo [22, 23]. That is, 

dZEo dEo_0,  and - -  (24) 
dro dro2 >U. 

Therefore, ro satisfies the equation 

Q ~1/2 _ Q (25) 
r 3 V'(ro) m'Z4 4r2(~/m,)] 4(#/m')" 

To solve for the shifting parameter a, the next contribu- 
tion to the energy eigenvalue is chosen to vanish [20], i.e., 
Ex =0, which implies that 

a = 2 - 2 # ( 1  +2nr)co, (26) 

where co is given by 

1 
co = ~ [ 3  +ro V"(ro)/V'(ro -4r~ V'(ro)Z/Q(m'/#)] 1,.2. 

(27) 

and Q satisfies (25), which is written as 

2~ [4 v'(ro)]~(1 +#), Q=m (28) 
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with 
/ 

fi = V' 1 + [2m'/ro V'(ro)] 2 (29) 

Equations (26) and (28) along with (27) and (29), with 
Q = k 2, yield 

[2/~ 2fifl~ 1/2 
l + 2 / + 2 p ( 2 n ~ + l ) c o = r o  2 V ' ( r o ) / ~ + ~ !  , (30) 

\ m  m /  

which is an explicit equation in ro. Once ro is determined, 
(23) gives E o, (21) gives E 2 and (22) gives E3. Finally (15) 
gives 

fl(1) 
E n / = E O ~ ( r o  z 1-I Eo~V(ro)~m / 

~-c~ (31) 
r 2 1+ m / 

which is an explicit expression for the total energy eigen- 
values of the system. 

Table 1. Spin-averaged Bethe-Salpeter mass spectra M,~(Qft) of cd, 
c.~, bd, bg, and bC systems 

State cd c~ bd b~ b( 

[A,v, Vo]a= [1.709"~,0.1, -2.028]GeV 
1S 1.9047 2 .1223 5 .2969  5 .4981 6.6738 
2S 2.0714 2 .2908  5 .4635  5 .6641 6.8377 
3S 2.1672 2 .3890  5 .5594  5 .7609 6.9329 
4S 2.2364 2 .4596  5 .6285 5 .8304  7.0011 
5S 2.2910 2 .5150  5 .6830  5.8851 7.0547 
1P 2.0619 2 .2542  5.4541 5 .6297  6.7943 
2P 2.1602 2.3641 5 .5523  5 .7375 6.9033 
1D 2.1547 2 .3397 5 .5468 5 .7149 6.8731 

[A,v, Vo] = [t.709I"1,0-1, -1.960]GeV 
1S 1.9748 2 .1901 5 .3670  5 .5658 6.7418 
2S 2.1389 2 .3583  5 .5310  5 .7314  6.9055 
3S 2.2346 2 .4564  5 .6267 5 .8282 7.0007 
4S 2.3037 2 .5270  5 .6958 5 .8977 7.0689 
5S 2.3583 2 .5824  5 .7504  5 .9524  7.1224 
IP 2.1301 2 .3222  5 .5222  5 .6977 6.8623 
2P 2.2280 2 .4319 5.6201 5 .8052  6.9712 
ID 2.2227 2 .4077  5 .6148 5 .7829 6.941l 

Same parameter fits as [241 

III Application to the non-self-conjugate mesons 

The power-law potential can generate the relativistic 
bound states of the self-conjugate QQ mesons in close 
conformity with the spin-averaged data (SAD). We obtain 
the relativistic spin-averaged mass spectra for the atom- 
like mesons D(cd), F(cs B(bd), G(bg) and H(b6). 

The ~b(4s) and Y(4s) are predominately decay into 
mesons containing charmed and beauty flavors. The me- 
sons cq and bc~ are in the 1S o states. The excited meson 
states D* and B* are observed at or above the ~b(4s) and 
Y(4s) states. These are considered the triplet 3S 1 cc~ and b~ 
states and have therefore spin 1. 

The potentials which do not include spin-spin forces 
ignore the hyperfine splittings. The energy levels obtained 
by solving the Bethe-Salpeter equation for the S-, P- and 
D-states can then be considered as the center of gravity 
(cog) or the spin-averaged data (SAD) of the singlet and 
triplet states. These states can be weighted by their re- 
spective spin statistical factor. 

The Bethe-Salpeter mass spectra of the above men- 
tioned non-self-conjugate mesons are calculated in the 
following manner ( h = c =  1) 

Mn/(Qq) = rnQ -[- mq + En/ , (32) 

where E,,/ is the binding energy of the quarks, 
We investigate a static non-Coulombic power-law 

potential of the form 

V(r) = Ar" + Vo, (33) 

where v is close to 0.1 and A > 0. We inspired to use the 
simultaneous parameters fit to obtain the spectra of the 
unlike-flavored quark-antiquark configurations presented 
herein, in other words flavor-independent case. We fix the 
quark masses as [24] 

Imp, rod, m~] = [-0.005, 0.01, 0.325] GeV,  

and 

[mc, mv] = [1.6179, 5.0114] G e V .  

Therefore, our results are reported in Table 1. 

IV Concluding remarks 

We have presented a unified study of some higher spin- 
averaged mass levels of Qc~ systems in the Bethe-Salpeter 
equation with any spherically symmetric potential. These 
calculations are tested using a simple non-QCD-based 
power-law potential to produce the non-self-meson 
spectra. Flavor independence is strictly maintained by 
taking the same set of potential parameters and quark 
masses. We point out that with the power-taw potential 
which describes the Bethe-Salpeter mass spectra of the 
self-conjugate Q(~ or qc~ mesons reasonably well in the last 
study, an excellent relativistic description of the non- 
self-conjugate QCl mesons can be obtained using current 
quark masses for light quarks. 

Slight departures from the experimental data is ob- 
served. We remark here that fitting the potential para- 
meters quite properly would have enabled us to obtain 
quantitative agreement with the experimental mass 
spectra although a very qualitative agreement has been 
noticed. Finally we stress that the accuracy as well as the 
convergence increases as the principal and orbital quan- 
tum numbers increases. This is quite apparent for one 
glance on the leading and the corrected terms to the 
energy. 
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Appendix A. we list here the analytic expressions of tim, 
fl(2), ez and 6s in case of the spinless Bethe-Salpeter equation 

fl<, ( 1 - a ) ( 3 - a )  - k [(1 + 2n,)g2 + 3(1 + 2nr + 2nZ)g43 
8#  

- co - t [~,~ + 6(1 + 2n,) ~ ~z + (11 + 30n~ + 30n 2)g2], 

(A1) 

fi(Z) = (1 + 2nr) 6-2 + 3(1 + 2G + 2n~)6-4 

+ 5(3+8nr+6nZ +4n3)66 

--co-  1 [(1 +2n~)g 2 + 12(1 +2n~+2n2)g294+291 6i 

+2(21 + 59n~+ 51n~ + 34n,3.)g2 + 6(1 + 2n~)g~ 63 

+30(1 + 2 G +  2n~)g~ 6-5 + 6 (1 + 2G)/3  c~1 

+ 2(11 + 30nr + 30n 2)g363 

+ 10(13 + 4 0 n , +  42n 2 + 28n3) g3 c~s] 

+ co- 2 [4~252 + 36(1 + 2n,)gl g2 ~3 

+ 8 ( 1 l + 30n~ + 30n~) {2 g2 

+ 2 4 ( l  +2n~)~2~4+ 8(31 + 78n,.+ 78n2)g~ g3g,, 

+12 (57+189G+225n~+150n , ) e , 33  -2e4]  

_ c o - 3  [8~ ~a+ 108(1 + 2n,)  g2 g32 

+ 48 (11 + 30nr + 30n2) gl g~ 

+30(31 + 109n,+ 141n2+ 3 -4- 94G )e3 ] ,  (A2) 

where 

8 i  

8i--(2#co)i/2, i =  1,2, 3,4. 

~-j_ 6j 
(2#co)j~2, j = 1, 2, 3, 4, 5, 6. (A3) 

(2--a)  3 
e l -  2#  ' ~ 2 = - - ~  ( 2 - a ) '  (A4) 

1 r~ ~ . . . . .  V(ro) V"(ro)  
% =  - v - + 7 ~  l v '(ro) 

z #  o~g k m' 

m j 

5 r 6 [- V ( ro )  V'"'(ro) 4V'(ro) V'"(ro) 
s4 = 8~# + 2 ~  L V'"'(ro) m' m' 

3 v"(ro) v'"'( o)eoq 
- m' + - -  i m' J '  (A6) 
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( 1 - a ) ( 3 - a )  r3E2 V'(ro) 
61= -~ 

41~ m'Q ' 

3 ( 1 - a ) ( 3 - a )  r~E 2 g'(ro) 
62=  4 

8# 2m'O ' 

( 2 - a )  5 ( 2 - a )  

# 4#  

3 rg F ....... . ,  V(ro) v""'(ro) 
=, 

lO v"(ro)V'"(ro)  v ..... (ro)Eo] 
-- m' q m ~ J ' 

. 7 ro s [- . . . . . . . . .  

10 V'"(ro) V'"(ro) 

(A7) 

(A8) 

(A9) 

5 V'(ro) V'"'(ro) 

15 V'(ro) V'"'(ro) 

(AIO) 

m '  

6V'(ro) V'"'(ro) 
m ! 

V ...... (ro)Eo] 
q m ~ J' m t m r 

(A11) 
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