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The approximated energy eigenvalues and the corresponding eigenfunctions of the spher-
ical Woods—Saxon effective potential in D dimensions are obtained within the new
improved quantization rule for all I-states. The Pekeris approximation is used to deal
with the centrifugal term in the effective Woods—Saxon potential. The interdimensional
degeneracies for various orbital quantum number [ and dimensional space D are studied.
The solutions for the Hulthén potential, the three-dimensional (D = 3), the s-wave
(I =0) and the cases are briefly discussed.
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1. Introduction

In recent years, the analytic bound state solution to the hyperradial Schrodinger
equation, in any arbitrary spatial dimension (D > 2), with several potential models
has received increasing attention in the literature.! There are only a few potentials
for which the radial Schrodinger equation can be solved explicitly for all n and [
quantum numbers. One of these exactly solvable potentials is the Woods—Saxon
(WS) potential® which has been firstly solved within the Schrédinger equation for
s-states (I = 0) by Bose.>* However, the three-dimensional radial Schrodinger
equation for the spherical WS potential cannot be solved analytically for | # 0
states because of the centrifugal term ~ r~2. This potential was used as a major
part of nuclear shell model to obtain the nuclear energy level spacing and properties
of electron distributions in atoms, nuclei and atomic clusters.® 7 It was used to
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describe the interaction of a nucleon (neutron) with a heavy nucleus® and also for
optical potential model in elastic scattering of some ions with heavy target in low
range of energies.’

So far, numerous attempts have been developed to calculate the bound-state
energies of the WS potential in the framework of the Schrodinger equation by means
of various methods; the Nikiforov—Uvarov method!? 12
Hamiltonian hierarchy.'® However, the solutions in Refs. 10 and 11 are at most valid
for Ryp = 0, in which the WS potential turns out to become the Rosen—Morse-type
potential. The two-component approach to the one-dimensional Dirac equation with
WS potential is applied to obtain the scattering and bound-state solutions.!'* The

and the shape invariance and

exact solution to the relativistic Dirac equation was obtained for a single particle
with spin and pseudospin symmetry moving in a central WS potential using two-
component spinors.!> 17 An approach has been developed to obtain the bound
state solutions of the scattering of a Klein-Gordon particle by a WS potential.'®
Recently, the approximated eigenenergies and eigenfunctions of the Dirac equation
for the WS potential and a tensor potential with the arbitrary spin—orbit coupling
quantum number & under pseudospin and spin symmetry have been obtained.'®

Recently, Ma and Xu have proposed an improved quantization rule (IQR) and
shown its power in calculating the energy levels of all bound states for some solvable
quantum systems.2?! The method has been shown to be effective for calculating
the bound state solutions to the Schrodinger and Dirac wave equations with a spher-
ically symmetric potential.’»?2726 So far, it has been applied, with great success, to
study a great number of potentials like the rotating Morse,???3 the Kratzer-type,?*
the trigonometric Rosen—Morse,2° the hyperbolic and the second Péschl-Teller-like
potentials?® and the Hulthén potential'! and so forth. Very recently, Gu and Sun!
have extended the application of the IQR to the solution of the D-dimensional
Schrodinger equation with the Hulthén potential for I # 0 using the usual approx-
imation to deal with the centrifugal term.?"2°

In this paper, we present a new systematical approach to solve the Schrédinger
equation in D-dimensions with WS potential for its energy eigenvalues and the cor-
responding eigenfunctions by means of the IQR method using the Pekeris approx-
imation scheme3% 32 to deal with the centrifugal term. This alternative approach
has recently shown its accuracy in calculating the analytic spectrum of the Hulthén
potential for [ # 0.! Further, we give analytic tests using energy calculations for
interdimensional degeneracy, i.e. (n,l,D) — (n,l £ 1, D F 2) corresponding to the
confined (D = 2 — 4)-dimensional WS potential.

This paper is organized as follows. In Sec. 2, the IQR method is reviewed and
extended to any arbitrary dimension (D > 2). In Sec. 3, the D-dimensional (D > 2)
Schrédinger equation is solved by this method with arbitrary [-states to obtain all
the energy states of the WS potential using the Pekeris approximation. In Sec. 4,
we calculate the corresponding hyperradial wave functions of the WS potential.
In Sec. 5, the interdimensional degeneracy is introduced. Finally, some concluding
remarks are given in Sec. 6.
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2. Improved Quantization Rule

A brief outline to the improved quantization rule is presented with an extension
to the D-dimensional space (D > 2). The details can be found in Refs. 20 and
21. The IQR has recently been proposed to solve exactly the one-dimensional (1D)
Schrédinger equation:

W) 4 K@) =0, k() = YEZ VL )

where the prime denotes the derivative with respect to the variable x. Here p is
the reduced mass of the two interacting particles, k(z) is the momentum and V()
is a piecewise continuous real potential function of z. The Schrodinger equation is
equivalent to the Riccati equation

¢'(x) + d(2)* + k(x)* =0, (2)

where ¢(z) = ¢'(z)/¢(z) is the logarithmic derivative of wave function ¢ (x). Due
to the Sturm-Liouville theorem, the ¢(z) decreases monotonically with respect to
x between two turning points, where E > V' (z). Specifically, as  increases across
a node of the wave function ¢ (z), ¢(x) decreases to —oo, jumps to +oo, and then
decreases again.

Moreover, Ma and Xu have generalized this exact quantization rule to
the three-dimensional (3D) radial Schrédinger equation with spherically symmetric
potential by simply making the replacements x — r and V(x) — Veg(r):

/TB k(r)dr = Nmw + /TB k' (1) j’((;)) dr, k(r)= \/2M[En,lh_ Verr (1)) , (3)

20,21

where r4 and rp are two turning points determined from the relation E,, ; = Veg(r),
N = n+1 is the number of nodes of ¢(r) in the region E,, ; > Veg(r) and it is larger
by one than the number of nodes of wave function (). The first term N7 is the
contribution from the nodes of the logarithmic derivative of wave function, and the
second term in (3) is called the quantum correction. It is found that, for all well-
known exactly solvable quantum systems, this quantum correction is independent
of the number of nodes of wave function of the system. This means that it is enough
to consider the ground state in calculating the quantum correction, i.e.

Q. = /TB ko' (1) (Z);/((Z)) dr = mv. (4)

The quantization rule still holds for Schrédinger equation with spherically sym-
metric potential in D dimensions. In what follows, we shall employ this method

to solve the Schrodinger equation in D dimensions with WS potential using the
Pekeris approximation to deal with the centrifugal term.
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3. Eigenvalues of the Woods—Saxon Potential

The D-dimensional Schrédinger equation with spherically symmetric potential V (r)
for arbitrary l-state takes the form

2
( ;—MV% + V(T) - En,l) wn,l,m(ﬂ QD) = O’ (5)

where the representation of the Laplacian operator V%, in spherical coordinates, is

, 9 (D-1)0 I1+D-2)

Vb=gEt e e (6)

and

U1 (1, QD) = P (MY, (), i (r) = 7~ P~ 2y(r) (7)

where Y™ (Q2p) is the hyperspherical harmonics. The wave functions ¥, ;i m(r, 2p)
belong to the energy eigenvalues E, ; and V(r) is taken, in the present study, as
the WS potential in the configuration space and r represents the D-dimensional
intermolecular distance (31, 2?) vz

Further, substituting Egs. (6) and (7) in Eq. (5) yield the wave equation satisfy-
ing the radial wave function u(r) in a simple analogy to the 2D and 3D radial

Schrodinger equation
d*u(r)  2p
dr? h?
where F,, ; is the bound state energy of the system and Vg (r) is the deformed WS?
effective potential in D dimensions defined by

(B — Verr(r)]u(r) = 0, 8)

Voe oA
0 a
Ver(r) = — — ("—Rg) +— (9)
l4+ge = T
with the parameter
A2 —1)R?
I

where Ry = 79 A'/? is the nuclear radius with ro = 1.25 fm (may vary by as much as
0.2 fm depending on the specific nuclide) and A the atomic mass number of protons
(Z) plus number of neutrons (V) in target nucleus, Vj ~ 50 MeV (having dimension
of energy) is the potential well depth and a ~ 0.5-0.6 fm is the length representing
the surface thickness that usually adjusted to the experimental values of ionization
energies.!? In the case of negative eigenenergies (i.e. when E,,; € [-50 MeV, 0]), we
have the well-known bound-states problem while in the case of positive eigenenergies
(i.e. when E,; € [0,1000 MeV]), we have the well-known resonance problem. It
should be noted that the deformation parameter ¢ is a real parameter and can
be taken equal to 1 and —1 for the WS and the Hulthén potentials, respectively
in the calculations. The radial wave function w(r) satisfying Eq. (8) should be
normalizable and finite near r = 0 and r — oo for the bound-state solutions. The
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wave equation (8) with the WS potential is an exactly solvable problem for [ = 0
(s-wave),*15 however, it cannot be solved analytically for A\ # 0 because of the
orbital coupling term Ar—2. Therefore, to solve Eq. (8) analytically, we must use
the Pekeris approximation3% 32 to deal with the centrifugal term. By inserting the
conversions ¢ = (r — Ry)/Ro and o = Rg/a, where r € (0,00) — z € (—1,00), the
following exponential form can be used instead of the centrifugal term

1 1 e~ T 6—20436
=~ —|dy+d d 11
0{0—’_ 11+q6*w+ 2(1+qe’3“5)2}7 (11)
which can be expanded around the minimum point r = Ry (or 2 = 0) only up to
the second order as

11 di dy @ o

=~ —|dy+—+———(d1 +d —dgz® — -+ 12

- R%{0+2+4 4(1+2)x+162x ; (12)
where dy, di and dy are coupling constant parameters. It is worth to note that the
above expansion is valid for low rotational energy states and ¢ = 1. The expression

r~2 can also be expanded around z = 0 up to the second order term as

1 1
r—zzﬁ(lf2x+3x27~~). (13)
0

Comparing Egs. (12) and (13), we obtain the constant parameters for the WS
potential as

4 12 8 48 48
do St dy oo do 2 (14)
However, these constant parameters for the Hulthén potential take values as
dy = L di=1, de=1 (15)
0 — 12 ) 1 — 4, 2 — 1.

Further, by defining

Q8N o, R D-1 D-3
() R

where the scaling parameter @ is introduced with the purpose of obtaining solution
for the Hulthén potential as well. So we take Q = 1 for the WS potential but @ = «
and Ry = 1 for the Hulthén potential.

Equation (8) can be rewritten as

—Qax

d*u(z)  2pR2 e
E,.+Vo——
dl‘2 h2 |: N + 0 1 + qefozm
b(do vy —C " gy () =0 (17)
- u(zx) =
0 11+qe—aw 2(1+qe—a1)2 ’

where n and [ signify the radial and orbital angular quantum numbers, respectively.
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We now study this quantum system through the improved exact quantization
rule. At first, we introduce a new variable
1+ge—or’ dx

dy «

y = =-—ay(l—qy), - = —R—Oy(l —qy), (18)

where y € (O, %) Overmore, the turning points y4 and yp are determined by

solving Veg(y) = bday? + (bdy — Vo)y + bdy = En; as

Vo dy 1 5
VA= gpa T oay ~ apay V (Vo bh)? + dbds(Eny = bdo), (19a)

Vo dy 1 5
YB = 0pd, ~ 2dy T 2bds (Vo = bd1)? + 4bdy(En — bdo) , (19b)

with the properties

Vo d

1
il = (En — bdo). 2
ya+yp = by 4,0 YAvs bdg( ! 0) (20)

The momentum k(y) between two turning points is expressed as

\/_\/ﬁ\/ 2+ &Z—;) +@(de 1)

V2
= 8 \Vbde /Ty = ) (y — ). (21)
dk(y) _ ( \/ \/ y— yA>
= ,/ . 22
dy Y—ya Yy —y 22)
The Riccati equation (2) now becomes
o ddo(y) 24 2
— —y(1 - = FEo — bd Vo — bdy)y — bdy| — 23
ROZI( qy) dy hz[ 0 2y” + (Vo 1)y — bdo] — do(y)*, (23)
having the only possible first order polynomial solution satisfying
doo(r a
oo(r) =eyres, DLy gy, >0, (24)
dr RO

where we have used ¢o(r) = ¢o(y). Substituting ¢o(y) into Eq. (23), one has the
ground state wave function and energy eigenvalue solutions

doly) = —my + (i ~ 2 (Vo — bdr) bdl)Ro) ;

Ry 2Ry  h? 2ma
q 8p Q%6%dy
m§<1:t L35 g | m=20, (25)
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The new quantum number is chosen as m = —2 (1 —4/1+ 8“ Q252d2 ) for the WS

potential and m = —%(1 + /14 7 Su Q25 d ) for the Hulthén potential. After a

lengthy algebra but straightforward, we can calculate the integral of the quantum
correction (4) based on the ground state as

Qe =— ('2£d26Q+q+1> (26)

The integral of the momentum k(r) in the quantization rule (3) is calculated as

/r:Bk(r)dTI \/_\/WRO/Z ( (v — yA)(yB—y)+q\/(y—1yf);zB—y))dy
(T e o))

(27)

Using the relations (26) and (27), the improved quantization rule (3) turn out to be

V2R [ [bd s\ Vi
WT“;°< "2+ /bdo — Epy — \/ do+—+q2>—?0— n,l>

B V2uds 6 Q  m
ﬂ(nngE) (28)

Thus, based on the improved quantization rule we can finally obtain the approxi-
mated energy levels E,, ; valid for both the WS and the Hulthén potentials in the
D dimensions,

E(D) _ 62@2 O h2 RO

R2 20 a?
2
(20415 143 ) Bgar + )i - BLRS
X ) - )
ARy R3<2n+1$ 1+ i—@?jjﬁ@)
(29)

where n,l = 0,1,2,.... Further, by setting ) = 1 and the deformation parameter
g = 1 in the above equation, we get the energy spectrum of the WS potential as

L) _ 2 Ka?
mURET 2

(2n+1-\1+85d)  Bo+d) - 2%
X - - ,  (30)
(2n+1- 1+ %%5a)
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In three dimensions (D = 3), it can be reduced to the form

(D) h2l(l+ l)d B h2a?
wb T 2uR2 07 Ty

2
(n+1-\1+40+1)% ) &I+ 1) +do) - %V

4a?

X b
(2n+1— 1+4l(l+1)%)
(31)
which is essentially same as that obtained by other Nikiforov—Uvarov method.??
On the other hand, the case when we set the parameters values dyg = 1/12,
dy=d3=1,qg=-1,Q=a, Rgp =1 and V = aZe? in Eq. (29), then we obtain
the energy spectrum of the Hulthén potential:

2.2
) K1/ D-1 D-3
B =5 {12(l+ )1+

_ [ uZze? B (n+l+%)r}, (32)

W+ B a 7

which is similar to the one obtained in Ref. 1 (if dy = 0 in the usual approximation).

4. Eigenfunctions

We are now in the position to study the corresponding eigenfunction of this quantum
system for completeness. The Riccati equation of the relation (8) is

§ ) = 2By~ Vealr)] — 6(r)?, (33)
where
_u(r)
Based on

u(r) = el "o — o= ] gy o()dz (35)

and using Eq. (24), we can easily calculate the eigenfunction of the ground state as

_(r=Rp)\ €0 =R\ V ~
uO(r):No(e i ) (1+qe @ ) E0>0, v>1, (36)

24 1 / 8u Q262
ﬁ(bdo — Eo) , V= 5 (1 — 41+ ﬁ q202 ds |, (37)

and Nj is the normalization constant.

where

En=0 =0
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Let us find the eigenfunction for any quantum state n other than ground state.
By considering the boundary conditions

(38)

1 whenr—0,

0 when r — oo,
y:

with u(y) — 0, we may define a more general radial eigenfunctions, valid for any
quantum number n, of the form:

(r—Rg)

uy) =y (1+qy)'fly), y=e =« , Eu>0, v>1. (39)

Substituting Eq. (36) in Eq. (8) leads to the hypergeometric equation

y(1+qy) f"(y) + [L+ 280, + q(1 + 26,1 + 2v)y] £/ (y)
21 2

h2 (bdl Vb) - qV(l + 2571,1) f(y) =0, (40)
with the conditions
N 20
21+m a*(En, —bdg) =0, (41a)
2
Pr(v—1)— h_’[;CLdeQ =0, (41b)

which leads to the results

i D—1 D-3\Q%, 2,
= [ - - 4
Enl a\/<l + 5 ) (l + 5 ) i 720 E,., (42a)

1 B D-1 Q2
= 5(1%0), g\/1+4<l+ 5 >(l+ 5 >q sdo,  (42D)

where + and — are taken for the Hulthén and the WS potentials, respectively. The
solution to Eq. (40) is then

C = FA—i—k (B+k)y*
k:O ’
where
Azényl—qyf\/—:fn, n=0,1,2,..., (44)

B=én—qu+ VU, C=1+2,,,

where o F (A, B; C; y) is the hypergeometric function. Now, we may write down the
radial wave functions (34) as

(r—Ro) \ En,l (r—Rg) \ Y
Un,1(7) Zan<e‘ o ) (1+q€_ O )

(r—Rg)
X o Fy (*”, n+26n+qC—q; 1+ 26, 5e - ) : (45)
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If now, we set n = 0 in Eq. (45), then we can easily obtain Eq. (36). Finally, the
unnormalized total wave functions are obtained as

r—Rp) \ €n, r—Ro)\ Y
Yt (7, 20) = Nor™ P02 (&= 5550 ) T (14 g 5

(r—Rg)

X 2Py (=n,n+ 2004 4l — g1+ 28,¢” 0 )Y (@), (46)

which is identical to Eq. (42) of Ref. 33 when D = 3. Thus, the Jacobi polynomials

can be expressed in terms of the hypergeometric functions*
I'n+1+A4)
PABI(1—22) = —— L F(— A+B+1;A+ L), 47

It is worth noting that the hypergeometric function o F; (A, B; C; x) is a special case
of the generalized hypergeometric function3*

o~ ()i (o) - -~ (ap) 2"
qu(a17a27'"aap;ﬁlaﬁlw"aﬁq;x) :Z (ﬂi)i(ﬁz):(ﬂj) H7

k=0

(48)

where the Pochhammer symbol is defined by (y)r = T'(y + k)/T(y).

5. Interdimensional Degeneracy

From Eq. (30), it can be seen that two interdimensional states are degenerate when-

-
ever3®

(n,1,D) — (n,1+1,DF2) = B\ — ENTY | (49)
i.e.
52 h2a?
E(D) _ E(D:FQ) — — _dn — _
n,l n,l+1 R% 0 2“
2
<2n+1— 1"'%2_22‘12) Z—’é,‘;—%(% +d2) — 35 Vo
X - . (50)

(2n+1- 1+ %5a)

Thus, a knowledge of EﬁLDl) for D = 2 and D = 3 provides the information necessary

to find Efljjl) for other higher dimensions.

For example, E(S,Zzz = Eég = E(g?z) = E(g?l). This is the same transformational
invariance described for bound states of free atoms and molecules®438 and demon-

strates the existence of interdimensional degeneracies among states of the confined
Hulthén potential.
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6. Conclusions

By using the improved quantization rule, we have given an alternative method to
obtain the approximated energy eigenvalues and eigenfunctions of the Schrodinger
equation in D dimensions with the WS potential for all [-states within the Pekeris
approximation to deal with centrifugal term. We emphasize that the expressions
obtained for the energy eigenvalues and eigenfunctions are valid for all real values of
Ry. However, the solutions provided in Refs. 10 and 11 are at most valid for Ry = 0
(Rosen—Morse-type potential and not the WS potential). The advantage of this
method is that it gives the eigenvalues through the calculation of two integrations
(26) and (27) and solving the resulting algebraic equation. First, we can easily
obtain the quantum correction by only considering the solution of the ground state
of quantum system since it is independent of the number of nodes of wave function
for exactly solvable quantum system. Second, the wave functions have also been
obtained by solving the Riccati equation. The general expressions obtained for the
energy eigenvalues and wave functions can be easily reduced to the WS and the
Hulthén potentials, the three-dimensional space (D = 3), s-wave (I = 0) cases.
The method presented here is a systematic one, simple, practical and powerful
than the other known methods. Finally, the simplicity of the method motivates us
to solve the Dirac equation for this WS potential to see the resulting relativistic
effects.
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Appendix A. Integral Formulas

The following integral formulas are useful during the calculation of the momentum
integral and the quantum correction term:

dr = z(rA—&—rB), (A.1)

\V]

/r:B \/(7" - T:)(TB —)

"B 1 T
/TA T\/(T—TA)(TB —T)dr B NN (#-2)

dr =, (A.3)

/r:B \/(T_TAl)(TB_T)

| AT = x| 5a+ra) — TS (A4

B 1 -
/TA (a+0r) (7"*7',4)(7'13*7')617”_\/(aerrA)(aJrer)7 rp>ra>0. (A3)
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