Int. J. Mod. Phys. E Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 11/22/17. For personal use only.

World Scientific

International Journal of Modern Physics E \\
. www.worldscientific.com

Vol. 26, No. 11 (2017) 1750073 (I3] pages)
(© World Scientific Publishing Company
DOI: 10.1142/S0218301317500732

Calculations of the decay transitions of the
modified Pdschl-Teller potential model via
Bohr Hamiltonian technique

Nahid Soheibi*, Majid Hamzavi*, Mahdi Eshghif-1 and Sameer M. Ikhdair#-8
*Department of Physics, University of Zanjan, Zanjan, Iran

TYoung Researchers and Elite Club, Central Tehran Branch,
Islamic Azad University, Tehran, Iran

tDepartment of Physics, Faculty of Science,
An-Najah National University, Nablus, Palestine

8Department of Electrical Engineering, Near East University,
Nicosia, Northern Cyprus, Mersin 10, Turkey
Yeshgisj@gmail.com

Received 10 August 2017

Revised 23 October 2017

Accepted 24 October 2017
Published 21 November 2017

We calculate the eigenvalues and their corresponding eigenfunctions of the Bohr’s col-
lective Hamiltonian with the help of the modified Poschl-Teller (MPT) potential model
within y-unstable structure. Our numerical results for the ground state (g.s.) 8 and v
band heads, together with the electric quadrupole B(FE2) transition rates, are displayed
and compared with the available experimental data.
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1. Introduction

The Bohr Hamiltonian™ and model extension along with the geometrical collec-
tive model 23 have been provided, for several decades, which are also used as a
phenomenological framework in understanding the collective behavior of atomic
nuclei. The shape phase transitions in nuclei are currently under main study in
both theoretical and experimental perspectives. Recently, a new phase study started
with the shape phase transitions by using the classical limits of Hamiltonians and
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Lie algebras. Meng et al. have investigated the first-order shape transition and
critical point nuclei in *8~152Sm isotopes from the relativistic mean field approach.
Also, Li et al. have studied the microscopic signatures of the nuclear ground state
(g.s.) shape phase transitions in Nd isotopes using the excitation spectra and col-
lective wave functions® On the other hand, dynamic symmetries have provided
a useful tool to describe the properties of several physical systems. One essential
important example that appears in nuclear physics is the dynamic symmetries of
the interacting boson model® and another example in molecular physics is the
Vibron model™ Furthermore, the application of this topic is seen in the nature of
the quantum phase transition™ between the dynamical symmetries in nuclei: such
as U(5), SU(3), SO(6) into an interacting boson model. Also, the X(5) symmetry’?
is designed to describe the first-order phase transition between the vibrational and
axially symmetries prolate deformed rotational nuclei. In fact, this symmetry cor-
responds to the transition from the vibrational spherical shape U(5) to the pro-
late deformed nuclei S(3), and E(5)™ The symmetry is designed to describe the
second-order phase transition between the spherical and y-unstable nuclei, namely,
this symmetry corresponds to the transition from the vibrational U(5) to the
~-unstable nuclei. Actually, the symmetry E(5) represents a solution of the Bohr
Hamiltonian with a v-independent potential while the symmetry X(5) has a min-
imum at v = 0 for the case of the v potential. In all these cases, dynamical sym-
metries are related to exactly solvable problems and also produce results for the
observables in an explicit analytic form. Recently, with the aim of describing appro-
priately shape phase transitions in the atomic nuclei, some authors have devoted
to construct analytical solutions of the Schrédinger equation associated with the
Bohr Hamiltonian using various potential models 20

In the present work, we study the modified Péschl-Teller (MPT) potential model
which is a short-range model potential. This potential model has been used to
describe the binding molecular vibrations. 223 Therefore, with the MPT potential,
we calculate the energies and B(E?2) transition rates of Bohr Hamiltonian by using
the Nikiforov—Uvarov (NU) method.

This paper is organized as follows: In Sec. Bl we present, in brief, the model
used in our work. In Sec. [, we calculate the energies of the MPT potential model
and electric quadrupole B(FE2) transition rates. In Sec. [, we give our concluding
remarks.

2. Bohr Hamiltonian Theory
2.1. Energy spectrum and wavefunctions
We present the Schrodinger equation in the form24
Hpim (8,7, 0:) = Evnim (8,7, 0:), (1)

where ¥, (8,7,0;) is the wave function, F and H are the energy eigen-
values and Hamiltonian, respectively. Further, the Bohr Hamiltonian is well
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defined byIZI
0o K2 1 0
“ﬁ§mwﬁw Fsindy 07 ?‘—5i;@T:5
+V(8,7), (2)

where Qi (k = 1,2,3) are the components of angular momentum in the intrinsic
frame, and the potential form iS V(B:7y)=U@B) + 5 LU'(v). Also 3 and ~ are the

usual collective coordinates 28 The original wave function is defined in the form

wnlm(ﬂf%ei) = 5(6)¢(7701)7 (3)

where 6; (i = 1,2,3) are the Euler angles. In addition, the potential is mainly
dependent on the § variable for «-unstable structures. Now, we need to solve Egs.
@) and @) for its eigenvalues. After making a separation of variables, one obtains

1 8 4 0 0 A B X
1 0
Tonay oy g T —+U'(v) $(7,0:) = Ap(v, 0),
sindy dy Zsm (7——ﬂ'k’)

(4b)

where we have used u = 32U, v/ = 28U’ e = 28 F and B is the mass parameter.
In the above equation, A is a separation constant usually being expressed, as
pointed out in Ref. [[9] as

A=7(1+3)=9n4(ny +1)+3Vc+s(2n, + 1)

L(L+4 w(2L — ny,
+c+ (L+ )—Hln( ) and 7(1=0,1,2,...),

is the seniority quantum number T2 Likewise n,,, n~ are distinctive as wobbling

quantum number and the other quantum number related to y-excitation, respec-
tively. In this equation ¢ and s are free parameters.
In solving the radial part equation given by Eq. ([#a)), we use the MPT potentiaPd
in the form
1
cosh?(af)’

where « is the range of the MPT potential. After inserting Eq. (@) into Eq. (Hal),
we can obtain

u(B) = — ()

02 A 40 1
3T 53 w0 = <) (6)
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Further, we need to make the following conversion of parameters £(3) = 3~2x(53)
so as to establish the radial wave function as

{ 0? N A+2 1
op? B2 cosh? (a)
The solution of the above radial part is possible when using an approximation to
the term 51—2 ag??

hmzwm. (7)

1, 1
— = 4dg + ———|, 8
2= [ 0 SinhQ(aﬂ)] ®)
where the constant dy = % Thus, Eq. (@) simplifies in the form as
0% { 1 ¢ ¢ ]
— 4 |le+———— - ————|x=0, 9
ap? cosh?(af) 3  sinh?(af) X ©)

where ¢ = (A + 2)a?. The last equation can be solved by defining the new variable
as z = tanhQ(aﬂ). Therefore, Eq. (@) reduces to the quite simple form

(5-7)

d2X 5_52: dX 1 2 4

AN 27 - — 14+ -¢)—=¢lv=0.

d22+ (1= 2) dz+4042z2(1—z)2[ z +z< €+ +3c> c]x 0
(10)

Now we use the parametric generalization of the NU method2%28 to solve the above
equation. This method is usually used to solve such a second-order differential
equation 2% The energy states can be obtained as

2

c 11 1 ¢ 1
:——42\/— ——\/— = 11
°T3 O‘[ 16 1a2 TR 2]’ (11)

where n is the principal quantum number. According to this method, the wave

functions are given by

NN o
L pV el El) (12)

In above equation Pr(f’y) (x),p > —1,v > —1and x € [—1, 1] are Jacobi Polynomials
and N, is a normalization constant.

2.2. B(E2) transition rates

Having found the expression of the total wave function, it leads to calculate the
B(E?2) transition rates®? The B(E2) transition rates from an initial to a final state
are defined asT#2J

5 [(Lyos|| TP Lici)

B(E2; Lioi — Lyag) = 7~ L 1) : (13)
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where the reduced matrix elements are being calculated by Wigner—Eckrat

theorem2?
B2 (Li2L¢|M; M My)
(LyMyay | T | LiMias) = ! LLpas [T | Licy),  (14)

\2Ly+1

while M is the quantum numbers of the projections of angular momentum on the

laboratory fixed z-axis and « is the quantum numbers of the projections of angular
momentum on the body-fixed a’-axis, respectively. In our calculation to the matrix
elements of the quadrupole operator from Eq. ([4)), the integral over the Euler angles
is implemented by means of the standard integrals of the three Wigner functions,m
while the integral over ( is given via the expression,

Iﬁ(ni7Li7ai7nf7Lf7af) = /0 ﬂg’ﬂi,Li}ai(ﬂ)fnf>Lfyaf(ﬂ)/84dﬁ' (15)

3. Results and Discussions

In the present work, our theoretical predictions for the energy levels given via
Eq. () are evaluated. This equation depends on three parameters, the screen-
ing parameter « in the § potential and the rig-shape parameters ¢ and s of the
potential ™ To obtain the potential parameters for each nuclei, we need to evalu-
ate the root mean square (rms) deviation between the experimental data and the
theoretical ones by means of the equation

m

> (Ei(exp) — Ei(th))

=
"N movE@ir o

where m mentions the number of states, while E;(th) and E;(exp) represent the

theoretical and experimental energy of the ith level, respectively. We know F(2])
as the energy of the first excited level of the g.s. band™ The calculated results

Table 1. Comparison of the theoretical predictions of the ~-unstable with the experimen-
tal data for the g.s.  and v band heads, normalized to the E(2;S‘) state and labeled by

Ryjs = E(45s)/E(24s.), Roj2 = E(og)/E(Zg,s,) and Ry/p = E(27)/E(24s.) ratios, respec-
tively.

Ry/o Ryyo Ry /2 Ry /2 Ry)o Ry /o
Nucl. exp th exp th exp th rms a C S

192pt 2479 242916 3.776 3.89833 1.935 1.88744 0.52 0.083 2.083  7.936
194pt 2470 2.41766 3.858 3.86047 1.894 1.88153 0.54 0.079 2.151  5.114
96pt 2465 2.39356  3.192 3.40402 1.936 1.86997 0.64 0.099 3.476  1.250
126Xe 2424 2.47247 3.381 3.63966 2.264 1.90944 0.72 0.101 6.172 15.995
128Xe 2.333  2.32802 3.574 3.47425 2.189 1.83365 0.49 0.014 0.490  0.489
130Xe 2,247 2.26392 3.346 3.06256 2.093 1.79849 0.29 0.015 0.042  0.329
132Xe 2,157 2.10227 2.771 2.25892 1.944 1.71093 0.37 0.087 0.007  0.0002
134Xe  2.044 2.09865 1.932 2.2225 1.905 1.70961 0.60 0.098 0.006  0.009
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Fig. 1. Evolution of Ry/5 with the mass number in Xe isotopes.
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Fig. 2. Evolution of R4/, with the mass number in Pt isotopes.
Table 2. The electric quadrupole B(E2) transition rates.
49—29 6g—49 83—65 103—8; 05—25 230 3 2y—2 290 3
Nucl. 3050, 2,00, 2050, 2,70, 29_>0_Z 2_,,_»05 x10° 5=5, 3,=0. * 10
192p;  ©XP 1.56 1.23 — — — — 1.91 9.5
th  1.798  2.864  4.649 8.136  0.065 0.072 1.642 1.150
194p; ©XP 1.73 1.36 1.02 0.69 0.01 — 1.81 5.9
th  1.769  2.743  4.272 7.017  0.064 0.071 1.627 1.139
196p;  ©XP 1.48 1.80 1.92 — 0.07 0.06 — 0.4
th 1987 3.680 7.531 19.387  0.073 0.088 1.742 1.220
128y, ©XP 1.47 1.94 2.39 2.74 — — 1.19 15.9
th 1473  1.780  2.017 2.219  0.062 0.056 1.456 1.019
132y, ©XP 1.24 — — — — — 1.77 3.4
th 1949 3.296 5.588 10.081  0.083 0.091 1.734 1.213
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are displayed in Table [ for each nucleus. We further demonstrate the comparison
of theoretical predictions of the y-unstable to the experimental data for the g.s.
band head, § and v band heads, normalized to the E(2gs.) state and labeled by
Ry = E(‘%s.)/E(?g.s.% Ro/o = E(OE)/E(225) and Ry)o = E(Qi)/EQgs) ratios,
respectively. For Xe and Pt the calculated ratios are not very different from the
experimental data and a lot of them have good agreement with each other. As
shown in Table [, deviation from the experimental data is negligible. The isotopic
dependence of Ry /5 versus mass number for Xe and Pt nucleus are plotted in Figs.[l
and [ such as Ref. [30. The present calculations provide an obvious decrease in
Ry4/5 with mass number. We also find a good agreement in the comparison of the
experimental data and the theoretical ones. This agreement with the experimental
ratios for Xe isotopes (see Fig. [[) is better than for Pt isotopes (see Fig. ). The
largest disagreement between the theoretical and experimental ratios for Xe is about
0.05. But for Pt, the major difference is about 0.07 and there is no any close
agreement in the plotted points.
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Fig. 3. Comparison of the theoretical energy spectra and the experimental ones for 126Xe.
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Fig. 4. Comparison of the theoretical energy spectra and the experimental ones for 28Xe.
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Fig. 5. Comparison of the theoretical energy spectra and the experimental ones for 130Xe.
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In Table B, we compare the B(E2) transition rates with their corresponding
experimental data for the same isotopes as in Table [I] The transition probabilities
for electric quadrupole radiation are normalized to the experimental B(FE?2; 2;5_ —
04 ). All bands (g.s., # and ) are introduced by the quantum numbers, n, 1.,
n, and L. The g.s. band is characterized by n = 0,n, = 0,n, = 0 and the
band is characterized by n = 1,7n, =0, n,, = 0. Notice that the v band composed
by the even and odd levels with n = 0, n, =0, n, = 2and n = 0, n, =
0, ny = 1, respectively. However, there are small deviations between the predicted
and experimental values. For example, in the case of 2®Xe isotope, the agreement
is somewhat better than in the other isotopes. Finally, to have a better view of
the results, we can depict the energy levels and also the B(E2) transitions for the
same isotopes in Figs. BHIOlI Moreover, one can easily compare the theoretical and
experimental results in these figures. According to Table Bl and Figs. BHIO, the

g 4198
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3041
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o 2771
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2t 1944
Exp|—]- band
26 171
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P 2 i &
L =
=
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m B
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-
S
o+ 0 or 0
gshand “Exp-gs band

Fig. 6. Comparison of the theoretical energy spectra and the experimental ones for 132Xe.
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Fig. 7. Comparison of the theoretical energy spectra and the experimental ones for 34 Xe.
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Fig. 8. Comparison of the theoretical energy spectra and the experimental ones for 192Pt.
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Fig. 9. Comparison of the theoretical energy spectra and the experimental ones for 194Pt.
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Fig. 10. Comparison of the theoretical energy spectra and the experimental ones for 196 Pt.
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excitation spectrum of the collective Hamiltonian is in good agreement with the
available data for 28Xe, in the excitation energies and transitions in the g.s. band.
But for the other isotopes and nuclei, the excitation energies and transitions in
the 8 and v bands are nearly better than g.s. band. For example, for 6Pt the
excitation energies and transitions in the 8 band are in close agreement with the
corresponding experimental data.

4. Conclusions

In this paper, by means of the generalized parametric NU (PNU) method, we
have solved the Bohr Hamiltonian in the framework of the MPT potential model.
To show the accuracy of the present theoretical results, we have obtained some
numerical calculations for the energy spectra as well as for the electric quadrupole
B(E?2) transitions. It can be seen that our results are in good agreement with the
experimental ones.
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