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We solve the Schrödinger equation with a position-dependent mass (PDM) charged particle interacted via the superpo-
sition of the Morse-plus-Coulomb potentials and is under the influence of external magnetic and Aharonov–Bohm (AB) flux
fields. The nonrelativistic bound state energies together with their wave functions are calculated for two spatially-dependent
mass distribution functions. We also study the thermal quantities of such a system. Further, the canonical formalism is used
to compute various thermodynamic variables for second choosing mass by using the Gibbs formalism. We give plots for
energy states as a function of various physical parameters. The behavior of the internal energy, specific heat, and entropy as
functions of temperature and mass density parameter in the inverse-square mass case for different values of magnetic field
are shown.
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1. Introduction
We need to perform the calculation of the fundamental

physical quantities in studying physical sciences. As a result,
the exact solutions of the Schrödinger and Dirac wave equa-
tions have become the essential part since the starting of quan-
tum mechanics[1] and such solutions are also useful in the var-
ious fields of the atomic, nuclear, and high energy physics.[2–9]

In fact, the solution of the Schrödinger equation for a
particle interacted via potential fields are mainly used to de-
scribe many systems of fundamental importance in the appli-
cations of quantum physics, for example, the hydrogen atom
and the harmonic oscillator. Further, the exact solutions of this
equation, expressed in analytical form describing one-electron
atoms are fundamental in studying the atomic structure the-
ory. For example, in studying exactly solvable models, we
can see that the analytical form of a wave function describing
electron correlation of the non-relativistic equation for two in-
teracting electrons confined in a potential field.[10] Also, the
non-relativistic equation can be reduced to the form of bi-
confluent Heun equation known in mathematics since a cen-
tury for harmonium.[11,12] Further, the exact analytical solu-
tions are essentially used into quantum-chemical and quantum
electrodynamics and theory of molecular vibrations. These
analytical solutions of the non-relativistic equation are also
very important to examine the correctness of models and ap-
proximations in computational physics and chemistry as well.
It is interesting that nearly all analytic solutions of the non-

relativistic equation have been expressed in terms of hyperge-
ometric functions.[13,15] However, for a large number of poten-
tials of physical importance used into the Schrödinger equa-
tion or the perturbations into Dirac and Dirac–Weyl equations
may be transformed into the form of the Heun equation.[16–20]

On the other hand, the study of the non-relativistic equation for
a particle with PDM system has been a matter of interest since
the early days of solid state physics. The idea of PDM arises
due to the effect of the periodic field on the non-relativistic
motion of electrons periodic lattices. In fact, it happens in
typical semiconductors by the effect of impurities in periodic
lattices perturbed.[21] Recently a considerable interest in the
mass dependence on the inter-nuclear distance has been re-
vived in solving the Schrödinger, Klein–Gordon, Dirac, and
Duffin–Kemmer–Petiau wave equations with various central
potential models.[22–43]

Recently, a number of works take the effects of an
electric or magnetic fields into account in studying different
systems.[17–20,44,45] In this regard, Yuce has solved analyti-
cally the Schrödinger equation for a charged particle interact-
ing with the plane-wave electromagnetic field.[46] Unal et al.
have investigated electric field effects on the refractive index
changes in a modified Poschl–Teller quantum well.[47]

On the other hand, analytical representations of thermo-
dynamic functions of gases over the whole temperature range
from zero to the thermal dissociation limit have aroused much
interest in dealing with diatomic and polyatomic systems and
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other areas such as graphene.[17,48–50]

However, to the best of our knowledge, we report the so-
lution of the Schrödinger equation for a particle with a spa-
tially dependent mass in the potential field under the influ-
ence of external magnetic and Aharonov–Bohm (AB) flux
fields. In fact, we find that in obtaining these solutions for
the Schrödinger equation with these conditions would be very
useful for some of the physical systems. On the other words,
many considerable applications have motivated further stud-
ies in the fields of material science and condensed matter
physics, such as solving the Dirac equation with position-
dependent mass,[30,51] semiconductor heterostructures, quan-
tum liquids,[52] semiconductor nanoscale quantum rings,[53]

and many other studies. A few issues and problems in physics
are connected to the magnetic field, such as 2D charged parti-
cles interacting with magnetic field,[54] and so forth. In recent
years, the problem of PDM has been growing both from a non-
relativistic to a relativistic point of view.[17–20,43,44,55–60]

In this work, we intend to solve the Schrödinger equa-
tion with the superposition of Morse-plus-Coulomb potential
taking the general form:

V (ρ) =V1 exp(−λρ)+V2 exp(−2λρ)+
V3

ρ
, (1)

where V1, V2, V3, and λ are potential constants with two physi-
cally presumed PDM distribution functions of the exponential
and inverse-square forms:

M (ρ) = m0 exp(−aρ), (2a)

and

M (ρ) =
a

ρ2 , (2b)

where a is mass constant and placed in an external perpendic-
ular magnetic and AB flux fields.

The organization of this paper is as follows. In Section 2,
we write the main obtained equation with a suitable change
of the spatially dependent mass variable. Then we calculate
the energy states and their corresponding wave functions by
using the series method. At the end, we discuss the limiting
case for the stationary mass and compare our analytical results
with those ones obtained by other authors wherever possible.
In Section 3, we give our discussions on our results. Finally,
we present our concluding remarks in Section 4.

2. Solution of Schrödinger equation for two
physical PDM functions
In this section, we seek to solve the Schrödinger equation

for a particle with a position-dependent mass (PDM) placed
in Morse-plus-Coulomb interactions potential field and under
the influence of external perpendicular magnetic and AB flux
fields in the cylindrical two-dimensional (2D) space. We cal-
culate the bound state energies and their corresponding wave

functions and find their thermodynamic properties. The gen-
eral form of the Schrödinger equation for a particle with PDM
system under the action of potential field and in the presence
of the vector potential is given by(

p̂+
e
c
𝐴
)
· 1

2M (ρ)

(
p̂+

e
c
𝐴
)

Ψ (ρ,ϕ,z)

= [En−V (ρ)]Ψ (ρ,ϕ,z) , (3)

where M(ρ) is the effective electronic radial mass distribution
and 𝐴 is the vector potential which can be found in terms of
the magnetic field.

Let us assume that the vector potential has the simple
form: 𝐴= (0,Bρ/2+ΦAB/2πρ,0) where B and ΦAB are the
magnetic and AB flux fields. It has been used in quantum dot
and quantum pseudodots.[20,37,61]

After a lengthy but straightforward algebra we arrive at
the following second-order differential equation in the radial
form:

d2R(ρ)

dρ
2 +

[
1
ρ
− M′ (ρ)

M (ρ)

]
dR(ρ)

dρ

+

[
−eB
}c

δ − δ 2

ρ2 −
(

eB
2}c

)2

ρ
2

+
2M(ρ)

}2 [Enm−V (ρ)]

]
R(ρ) = 0, (4)

where m is the magnetic quantum number and δ = m +

eΦAB/c} is the so-called new magnetic quantum number.

2.1. Exponential mass distribution

Now we need to solve Eq. (4) by substituting Eqs. (1) and
(2a) and making expansion for the exponential function up to
first degree in ρ: exp(−λρ) ∼= 1−λρ , then the above differ-
ential equation (4) becomes

d2R(ρ)
dρ2 +

(
1
ρ
+a
)

dR(ρ)
dρ

+

[
η1 +η2

1
ρ2 +η3

1
ρ
+η4ρ +η5ρ

2
]

R(ρ) = 0. (5)

where we have used the following assignments

η1 =−
eB
}c

δ +
2m0

}2 (Enm−V1−V2−aV 3) ,

η2 =−δ
2, η3 =−

2m0V3

}2 ,

η4 =
2m0

}2

(
−aEnm +(λ +a)V1 +(2λ +a)V2 +

a2

2
V3

)
,

η5 =−
(

eB
2}c

)2

+
2m0

}2

(
a2

2
Enm−aλV1−2aλV2

)
. (6)

Equation (5) is the standard form of a second-order linear dif-
ferential equation. In order to solve Eq. (5), we can transform
it into a rather simpler form by using the following physical
ansatz to the trial wave function:

R(ρ) =
1
√

ρ
exp
(
−aρ

2

)
fnm (ρ) , (7)

060302-2



CPB
Onli

ne
In-

Pres
s

CPB
Onli

ne
In-

Pres
s

Chin. Phys. B Vol. 26, No. 6 (2017) 060302

where the function f (ρ) is found to satisfy the following dif-
ferential equation:

d2 f (ρ)
dρ2 −

[
η1−

a2

4
+

η2+
1
4

ρ2 +
η3− a

4
ρ

+η4ρ+η5ρ
2

]
f (ρ)

= 0. (8)

Equation (8) can be further simplified by taking the following
definitions as

ξ = η1−
a2

4
, −α

2 = η2, c1 = η3−
a
4
,

−b1 = η4, −ε = η5. (9)

then equation (8) turns out to be

d2 f (ρ)
dρ2 +

(
ξ−α2−1/4

ρ2 +
c1

ρ
−b1ρ−ερ

2
)

f (ρ) = 0. (10)

Making the following change of variable: χ = ε1/4ρ , then the
so-called radial biconfluent Henu’s equation (10) reduces into
the Schrödinger-type equation(

d2

dχ2 +
ξ

ε1/2 −
α2−1/4

χ2 +
c1

ε1/4

1
χ
− b1

ε3/4 χ−χ
2
)

f (χ)

= 0. (11)

The differential equation (11) has two singular points: an ir-
regular singular point at infinity and a regular one at the origin.
In order to calculate the energy spectrum of Eq. (11), it is con-
venient to analyze its asymptotic behavior. Unfortunately, in
the general case, there is no closed expression for large val-
ues of argument for the asymptotic behavior of the biconfluent
Heun function. In order to calculate a polynomial form with
the conditions on parameters of the biconfluent Heun, it can
only be obtained by analyzing each coefficient separately.

Now, the behavior of the solution of Eq. (11) for χ → 0,
that is, at f (0) = 0, can be determined by centrifugal term and
the asymptotic behavior of the solution of Eq. (11) for χ→∞,
that is, at f (χ → ∞)→ 0, can be determined by the oscillator
terms. In this regard, note that equation (11) has been analyzed
for b1 = ε = 0 in Ref. [61].

Now, after the above analysis, we can choose a suitable
ansatz for the function f (χ) as follows:

f (χ) = χ
α+1/2 exp

(
−χ2 +χ b̃

2

)
F (χ) , (12)

then equation (11) can be written as

χ
d2F (χ)

dχ2 +

[
2
(

α +
1
2

)
+ b̃χ−2χ

2
]

dF (χ)

dχ

+

{
η− b̃

(
α +

1
2

)
+

[
ζ

γ
+

b̃2

4
−2
(

α +
1
2

)
−1
]

χ

}
F (χ)

= 0, (13)

where we have defined η = c1/ε1/4 and b̃ = b1/ε3/4.

Note that equation (13) resembles the so-called biconflu-

ent Heun’s (BCH) differential equation,[16,62]

d2u
dζ 2 +

1
ξ

(
α +1−βξ −2ξ

2) du
dξ

+

[
δ +β +αβ

2
+(γ−α−2)ξ

]
u
ξ
= 0, (14)

with the Heun’s wave-function solution given by u =

HB (α,β ,γ,δ ,−ξ ).
At first, we introduce the parameters ∆1, ∆2, ∆3, and the

function F̃ representing F as follows:

∆1 =

(
α +

1
2

)
, ∆2 = 1−

(
α +

1
2

)
b̃
η
,

∆3 =
ξ

ε1/2 +
b̃2

4
−2
(

α +
1
2

)
−1, if F̃ = F. (15)

Thus, equation (13) can be rewritten as

χ
d2F̃ (χ)

dχ2 +
[
2∆1− b̃χ−2χ

2] dF̃ (χ)

dχ

+(∆3χ−∆2η) F̃ (χ) = 0. (16)

Now, by choosing F̃ (χ) = ∑
n

Anχn, we can solve Eq. (16) by

the Frobenius series. After substituting the value of F̃ (χ) into
Eq. (16), the following recurrence relation can be obtained as

An+2 =

[
∆2η− b̃(n+1)

]
An+1− (∆3−2n)An

(n+2)(n+2∆1 +1)
. (17)

Assuming A−1 = 0 and A0 = 0, we can calculate the first three
coefficients of the above recurrence relation, Eq. (17), as fol-
lows:

A1 =
∆2η

2∆1
A0,

A2 =
1

2(2∆1 +1)

[
∆2η

2∆1

(
∆2η− b̃

)
−∆3

]
,

A3 =
−1

6(∆1 +1)

{
∆2η−2b̃

2(2∆1 +1)

[
∆3−

∆2η

2∆1
(∆2η− b̃)

]
+

∆2η

2∆1
(∆3−2)

}
. (18)

At this stage, we can calculate the analytical solution to the
radial part of the Schrödinger equation. This work can be
achieved by breaking the series (17) of the BCH function into
Heun’s polynomial of degree n. Imposing the following con-
ditions on the two coefficients as An+1 = 0 and ∆3 = 2n with
n = 1,2,3, . . . must be simultaneously satisfied. From the sec-
ond condition ∆3 = 2n, it is possible to calculate formal ex-
pression for the energy eigenvalues. Therefore, after adopt-
ing this limitation ∆3 = 2n we can simply calculate the energy
eigenvalues through the energy equation

4ξ + ε
1/2(b2

1−4)−8ε
1/2 (α +1/2−n) = 0. (19)

by using Eqs. (9) and (19), the energy eigenvalue equation be-
comes

4
[
−eB
}c

(
m+

eΦAB

c}

)
+

2m0

}2 (Enm−V1−V2−aV 3)−
a2

4

]
060302-3
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+

√(
eB
2}c

)2

− 2m0

}2

(
a2

2
E

nm
−aλV1−2aλV2

)
×

{[
2m0

}2

(
−aEnm +(λ +a)V1 +(2λ +a)V2 +

a2

2
V3

)]2

−4−8
(

m+
eΦAB

c}
+

1
2
−n
)}

= 0, (20a)

where n = 1,2,3, . . ..
Here to examine the behavior of the energy eigenvalues

in Eq. (20a), we plot the energy as a function of the poten-
tial parameter, mass parameter and magnetic field as shown in
Figs. 1–4. In Fig. 1, the energy as a function of mass den-
sity parameter a is plotted for various values of magnetic field
strength, B when Φ = 1.0 T. The energy increases exponen-
tially with the increasing of a. The particle is strongly bound
when a is small but is less bound when a is large. The mag-
netic field change has a slight effect on energy curve. In fact,
notice that for a fixed value of a, the energy decreases when
the magnetic field grows. Namely, increasing magnetic field
makes a particle strongly bound. The effect of the magnetic
flux density, Φ , when B = 1.0 T on energy is stronger as they
become more bound and is very similar, but greater than that
of the influence of magnetic field. In fact, notice that for a
fixed value of a, the energy decreases when the magnetic flux
density grows.

0

-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

0.8 1.2 1.6

a

B/ T

B/ T

B/ T

ΦAB/ T

ΦAB/ T

ΦAB/ T

m/e/h/c/n/a/↪

m/↪ V/V/V/.

E
/
M
e
V

2.0 2.4

Fig. 1. (color online) The energy versus a for different values of mag-
netic field stregth B and magnetic flux density ΦAB.

In Fig. 2, the behavior of energy with potential parame-
ter λ is linear for different values of B and Φ respectively. In
here, we see that the energy decrease with increasing values
of B and Φ . In Fig. 3 and Fig. 4, the energy increases linearly
with increasing magnetic field B and magnetic flux density Φ ,
respectively, for various values of a. The particle becomes less
positive when a is increasing under the influence of both B and
Φ .

B/ T

B/ T

B/ T

B/ T

ΦAB/. T

ΦAB/ T

ΦAB/ T

ΦAB/. T

m/e/h/c/n/a/↪
m/↪ V/V/V/.

E
/
M
e
V

-0.58

-0.59

-0.60

-0.61

1.0 1.2 1.61.4

λ

1.8 2.0

Fig. 2. (color online) The energy versus λ for different values of mag-
netic field stregth B and magnetic flux density ΦAB.

B/T

a/
a/.
a/.

m/e/h/c/n/a/↪ λ/↪ ΦAB/ T,
m/↪ V/V/V/.

E
/
M
e
V

1.0 1.2 1.61.4 1.8 2.0

0.8

0.7

0.4

0.5

0.6

Fig. 3. (color online) The energy versus B for different values of mass
density a.

ΦAB/T

m/e/h/c/n/a/↪ λ/↪B/ T,
m/↪ V/V/V/.

E
/
M
e
V

1.0 1.2 1.61.4 1.8 2.0

0.60

0.55

0.40

0.45

0.50

a/
a/.
a/.

Fig. 4. (color online) The energy versus Φ for different values of mass
density a.

On the other hand, to find the energy eigenvalue equation
for the stationary mass case, we put a = 0 in Eq. (20a) and
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obtain

4
[
−eB
}c

(
m+

eΦAB

c}

)
+

2m0

}2 (Enm−V1−V2)

]
+

eB
2}c

{[
2m0λ

}2 (V1 +2V2)

]2

−4−8
(

m+
eΦAB

c}
+

1
2
−n
)}

= 0. (20b)

Finally, to obtain of the wave function, in comparing Eq. (13)
with its counterpart Eq. (14) and using Eq. (12), we can
deduce that equation (13) is simply the BCH differential
equation,[16,62] whose solution is BCH function, HB :

fnm (χ) = χ
m+eΦAB/}c+1/2

× exp

−χ

(
χ+ 2m0λ

}2

(
−Enm+2V1+3V2+

λV 3
2

))
2


×HB

m+
eΦAB

}c
,

2m0λ

}2

(
−Enm+2V1+3V2+

λV 3
2

)
ε3/4 ,

− eB
}c

δ +
2m0

}2 (Enm−V1−V2 +λV 3)−
λ 2

4

+

[
2m0λ

}2

(
−Enm +2V1 +3V2 +

λV 3
2

)]2

4ε3/2 ,

− 4m0V3
}2 −λ

ε1/4 ,−χ

)
. (21)

At the end, using Eq. (7) and χ = ε1/4ρ , we can obtain the
radial wave function as

R(ρ) =
1
√

ρ
exp
(
−aρ

2

)
fnm (ρ) . (22)

2.2. Inverse-square mass distribution

Here we choose the inverse-square mass distribution
function[63]

M (ρ) =
a

ρ2 , (23)

where a is an arbitrary non-zero real constant parameter.

After substituting both Eq. (1) (with the assumption that
V3 = 0) and Eq. (23) into Eq. (4) and making expansion for
the exponential function to fourth degree in ρ: exp(−λρ) ∼=
1−λρ +λ 2ρ2/2−λ 3ρ3/6+λ 4ρ4/24, then the differential
equation (4) becomes

d2R(ρ)

dρ
2 +

3
ρ

dR(ρ)
dρ

+

[
η1 +η2

1
ρ2 +η3

1
ρ
+η4ρ +η5ρ

2
]

R(ρ) = 0, (24)

with the following identifications

η1 =−
eB
}c

δ +
λ 2a
}2 (V1 +4V2) ,

η2 =−δ
2 +

2a
}2 (Enm +2V1 +2V2) ,

η3 =−
2λa
}2 (V1 +2V2) ,

η4 =−
aλ 3

3}2 (V1 +8V2) ,

η5 =−
(

eB
2}c

)2

− aλ 4

12}2 (V1 +16V2) , (25)

having been used. Now, setting the radial wave function as
R(ρ) = ρ−3/2 f (ρ) where f (ρ) is obtained from the second-
order deferential equation as

d2 f (ρ)

dρ
2 +

[
η1 +

(
η2−

3
4

)
1

ρ2 +η3
1
ρ
+η4ρ +η5ρ

2
]

f (ρ)

= 0. (26)

Setting the following assignments into Eq. (26) as

ξ = η1 −α
2 = η2−

3
4
,

c1 = η3 −b1 = η4 − ε = η5, (27)

we can write Eq. (26) in a similar form similar to Eq. (10). To
avoid repetition, we can follow the same procedures as done
in the proceeding Eqs. (10)–(19) of Subsection 2.1, we obtain
the energy eigenvalues as follows:

Enm =−}2

2a

 − eB
}c δ + λ 2a

}2 (V1 +4V2)

2
√( eB

2}c

)2
+ aλ 4

12}2 (V1 +16V2)

+
1
8

[
aλ 3

3}2 (V1 +8V2)

]2

−1+n

}2

+
}2

2a
δ

2 +
3
8
}2

a
−2(V1 +V2). (28)

For the inverse-square mass case, we have showed the energy
as a function of the potential parameter λ and mass parameter
a in Figs. 5 and 6. In fact, in Fig. 5, the energy as a function
of λ is plotted for different values of B and Φ . It is obvious
that energy increasing positively with increasing of potential
parameter λ . Further, the particle becomes less positive with
increasing B but more repulsive with increasing Φ .

λ

e/h/c/m/kB/n/a/↪ 
V/V/.

E
/
M
e
V

1.0 1.2 1.61.4 1.8 2.0

1.4

1.6

1.2

0.6

0.8

1.0

ΦAB/. T

B/ T

B/ T

B/. T
ΦAB/ T

ΦAB/. T

Fig. 5. (color online) The energy versus λ in different values of B and
ΦAB in the inverse-square mass case.
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Fig. 6. (color online) The energy versus a for different values of ΦAB
and V1 in the inverse-square mass case.

Also in Fig. 6, the energy versus a is plotted for different
values of B and Φ with V1 =V2 = 0.01 and for different values
of V1 with B = Φ = 2 T. Similar behavior of energy is seen as
it decreases with increasing a and particle becomes less posi-
tive with increasing Φ . However, it is more strongly repulsive
with increasing B.

Now let us study the thermodynamic properties of the
present model.

If we consider the system to be at equilibrium state with
a heat bath at a temperature T the canonical partition function
is given by

Z = ∑
n,m

exp

β
}2

2a

 − eB
}c δ + λ 2a

}2 (V1 +4V2)

2
√( eB

2}c

)2
+ aλ 4

12}2 (V1 +16V2)

+
1
8

[
aλ 3

3}2 (V1 +8V2)

]2

−1+n

}2


× exp
[
−β

(
}2

2a
δ

2 +
3
8
}2

a
−2(V 1 +V2)

)]
, (29)

where β = 1/kBT with kB being the Boltzmann constant.[64]

At high temperature, we have

exp
(
−β

(
}2

2a
δ

2 +
3
8
}2

a
−2(V 1 +V2)

))
≈ 1,

then the canonical partition function can be reduced to the
form

Z =
n=ζ

∑
n=0

exp
[

n−ζ

γ

]2

, (30)

where

ζ =
eB
}c δ − λ 2a

}2 (V1 +4V2)

2
√( eB

2}c

)2
+ aλ 4

12}2 (V1 +16V2)
− 1

8

[
aλ 3

3}2 (V1 +8V2)

]2

+1

and γ = τ/
√

β with τ = 2a/}2. For large ζ and small β at
high temperature, we can change the sum in Eq. (30) to an

integral as

Z = γ

∫
ϑ

0
et2

dt =−i
√

π

2
√

β
erf i(ϑ) =

√
π

2
√

β
erf(ϑ), (31)

where ϑ = ζ
√

β/τ , erf(ϑ) is the error function for all com-
plex ϑ and erf i (ϑ) =−i erf(ϑ) into maple 13.

Thus, from the canonical partition function, we can easily
calculate the various thermodynamic variables of the present
system like free energy, entropy, specific heat, and others as
follows:

The internal energy U for the system is obtained

U = − ∂

∂β
lnZ

=
1
β

[
1− ϑ

DawsonF(ϑ)

]
= − 2ϑ√

πErfi (ϑ)

[
eϑ 2

2β
−
√

πErfi (ϑ)

4βϑ

]
, (32)

where Dowson function is defined as

F (ζ ) = e−x2
∫ x

0
ey2

dy =
√

x
2

e−x2
erf i(x).

In Mathematica, the Dawson integral is defined as
DawsonF [ϑ ] and the imaginary error function is defined
as Erfi[x], and the error function can also be written as

Erf [x] = 2√
π

∫ x

0
et2

dt in mathematics.[65]

To examine the thermal properties of present model in
the inverse-square mass case, we plot internal energy U versus
temperature T for different values of a and magnetic field B
as shown in Fig. 7 and Fig. 8, respectively. The internal en-
ergy increases with increasing temperature, i.e, becomes less
attractive. The internal energy becomes less or more attractive
when a or B is increasing. In Fig. 9, we plot the internal en-
ergy U versus a for different values of B. The internal energy
is less attractive with increasing a. However, it becomes more
attractive when increasing the strength of magnetic field. No-
tice that for fixed a the values of the energy decreases when
the magnetic field grows.

e/h/c/m/λ/kB/n/

U
/
M

e
V

-1.0

-1.5

-2.5

-3.0

1 2 3 4 105

T/K

6 7 8 9

-2.0

a/.
a/.

ΦAB/B/ T, V/V/.

Fig. 7. (color online) The internal energy U versus T for different values
of a for the second case.
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B/ T
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Fig. 8. (color online) The internal energy U versus T for different values
of B for the second case.
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Fig. 9. (color online) The internal energy U versus a for deferent value
of B for the second case.

Similarly one can calculate the specific heat capacity Cv

as

Cv = kBβ
2 ∂ 2

∂β
2 lnZ =−kBβ

2 ∂

∂β
U

=− ∂

∂β

{
− 2ϑ√

πErfi (ϑ)

[
eϑ 2

2β
−
√

πErfi (ϑ)

4βϑ

]}

=
2ϑ√

π erf i(ϑ)

(
−1

2
eϑ 2

β 2 +
1
4

√
π erf i(ϑ)

β 2ϑ

)
. (33)

In Fig. 10, we plot the specific heat capacity Cv versus a for
different values of B. The specific heat capacity is less posi-
tive with increasing a. However, increasing magnetic field B
makes specific heat more positive.

In Fig. 11, we plot the specific heat capacity Cv versus
temperature T for different values of a and B. We see that Cv

increases exponentially with increasing temperature and be-
comes more positive with increasing magnetic field but less
repulsive with increasing a.

The Helmholtz free energy is F =− lnZ/β . It can be ap-
plied to obtain the entropy S = (U−F)/T or S = kB lnZ−
kBβ

∂

∂β
lnZ. This yields

S = kB lnZ−kBβ
∂

∂β
lnZ

= kB ln

( √
π

2
√

β
erf(ϑ)

)
− kBβ

1√
π.erf i (ϑ)

× 2

(
ϑ

2
eϑ 2

β
− 1

4

√
π

β
√

β
erf i (ϑ)

)√
β

=
1
2

kB

[
1− ϑ

DowsonF(ζ )
+2log

(
erf i (ϑ)√

β

)
+log

(
π

4

)]
.(34)

In Fig. 12, we show the entropy S decaying exponentially with
increasing the mass parameter a for different values of B and
T . The entropy changes with temperature and magnetic field
in similar fashion. It is noticed that entropy decays faster with
increasing temperature.
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1.8 2.01.3 1.5 1.7 1.9
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ΦAB/ T, T=10 K, V/V/.

B/. T

B/. T

Fig. 10. (color online) The specific heat capacity Cv versus a for differ-
ent values of B for the second case.

T/K

a/.

a/

a/

1 2 3 4 5

C
v

8

7

6

4

5

3

2

1
e/h/c/m/λ/kB/n/↪
ΦAB/ T, V/V/.

B/. T

B/. T
B/. T

B/. T

Fig. 11. (color online) The specific heat capacity Cv versus T for differ-
ent values of a and B for the second case.
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Fig. 12. (color online) The entropy S versus a for different values of B
and T for the second case.
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3. Discussions
We examine the energy behavior with the parameters used

in our model. In Fig. 1, we plot ground state energy as a func-
tion of mass density parameter a for various values of mag-
netic field strength, B= 1.0,2.0 T when Φ = 1.0 T. The energy
increases exponentially with the increasing of mass distribu-
tion parameter a. The particle is strongly bound with small
values of a while less bound with the increasing of a values.
The magnetic field change has a slight effect on energy curve.
Further, it is obvious that the energy decreases with increas-
ing B for a fixed value of a. In fact, increasing magnetic field
makes a particle strongly bound. The effect of the magnetic
flux density, Φ = 2.0,3.0 T when B = 1.0 T on energy is
stronger as they become more bound and is very similar, but
greater than that of magnetic field. In this case, we also see
that the energy is similar of previous case, namely, the energy
decreases with increasing Φ for a fixed value of a.

In Fig. 2, the behavior of energy versus λ is linear for dif-
ferent values of magnetic field strength B = 1.0,3.0,5.0 T and
magnetic flus density Φ = 1.0,12.0,14.0 T, respectively.

In Fig. 3 and Fig. 4, the energy increases linearly with
increasing magnetic field B and magnetic flux density Φ , re-
spectively, for various values of a = 0,0.1,0.2. The particle
becomes less repelling when a is increasing under the influ-
ence of both B and Φ . In comparing these Figures, we ob-
serve that the effect of the magnetic flux density on the energy
is mostly apparent than the effect of the magnetic field.

For the inverse-square mass case, in Fig. 5, we plot energy
versus λ for different values of B = 2.0, 2.4 T with Φ =2.0 T
and Φ =2.0, 2.4 T with B=2.0 T. It is obvious that energy
increases positively with increasing of potential parameter λ

as exponentially. Further, the particle becomes less repulsive
with increasing B but more repulsive with increasing Φ .

Also in Fig. 6, we plot the energy versus a for different
values of B and Φ with V1 = V2 = 0.01 and for different val-
ues of V1 with B = 2Φ = 2 T. Notice that for a fixed value
of the energy decreases when the magnetic field grows. But,
the energy increases when the magnetic flux and the potential
of V1 grow. In fact, similar behavior is noticed, energy de-
creases with increasing a and particle becomes less repulsive
with increasing Φ . However, it is more strongly repulsive with
increasing B.

On the other hand, to examine the thermal properties of
present model in the inverse-square mass case, we plot inter-
nal energy U versus temperature T for different values of mass
parameter a = 1.0, 1.2 and magnetic field B = 1.0, 10.0 T in
Fig. 7 and Fig. 8, respectively. Indeed, when figures 7 and
8 are compared together, we observed that effect changing of
the mass parameter is more on the internal energy from the
magnetic field at temperature T . In fact, Also, when the mass
parameter increase then the internal energy increase for a fixed

of T . But, when the magnetic field increases then the internal
energy decreases for a fixed value of T . Moreover, the inter-
nal energy increases with increasing temperature, i.e, becomes
less attractive. The internal energy becomes less or more at-
tractive when a or B is increasing. In Fig. 9, we plot the inter-
nal energy U versus a for different values of B = 1.0,10.0 T.
The internal energy is less attractive with increasing a. How-
ever, it becomes more attractive when increasing the strength
of magnetic field.

In Fig. 10, we plot the specific heat capacity Cv versus
a for different values of B = 1.0,5.0 T. The specific heat ca-
pacity is less positive with increasing a. However, increasing
magnetic field B makes specific heat more positive. In Fig. 11,
we plot the specific heat capacity Cv versus temperature T for
different values of a and B. Indeed, in comparing influence
two physical quantities such as the mass parameter and mag-
netic field, we observe that effect changing of the magnetic
field is more on the specific heat capacity from the mass pa-
rameter at temperature T . In fact, Also, when the mass param-
eter increase then the specific heat capacity decrease for a fixed
of T . But, when the magnetic field increase then the specific
heat capacity increase for a fixed for a fixed of T . Moreover,
we see that Cv increases exponentially with increasing tem-
perature and becomes more positive with increasing magnetic
field but less repulsive with increasing a.

In Fig. 12, we show the entropy S decaying exponentially
with increasing the mass parameter a for different values of B
and T . Indeed, in comparing influence two physical quantities
such as temperature and magnetic field, we observe that effect
changing of the temperature is more on the entropy from the
magnetic field. In fact, Also, when the temperature increase
then the entropy decrease for a fixed of a. But, when the mag-
netic field increase then the entropy increase for a fixed for
a fixed of a. However, the entropy changes with temperature
and magnetic field in similar fashion. It is noticed that entropy
decays faster with increasing temperature.

4. Concluding remarks
We have solved the Schrödinger equation for a particle

with a position-dependent mass (PDM) placed in the superpo-
sition of Morse-plus-Coulomb potentials under the influence
of external magnetic and AB flux fields. We have calculated
the bound state energies and the corresponding wave functions
with a suitable change to the dependent variables by using the
series method. Our results are reasonable and agree with the
results obtained by other authors when mass is stationary and
found to be highly in good agreement. Our results of the en-
ergy states are plotted in Fig. 1 to Fig. 6. By comparing these
figures, we observed that the effect of the magnetic flux den-
sity on the energy is more apparent than that of the magnetic
field.
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We see the great effect of potential parameter λ and mass
density parameter a on the energy. On the other hand, we stud-
ied the thermodynamic properties of the potential model with
inverse-square mass case. The internal energy U becomes less
or more attractive when a or B is increasing. The internal en-
ergy is less attractive with increasing a. However, it is more
attractive when increasing the strength of magnetic field.

Indeed, by comparing the influence of two physical quan-
tities such as temperature and magnetic field, we observed that
the effect of changing the temperature is more influenced on
the internal energy, specific heat, and entropy from the mag-
netic field. Also, as temperature increases, the entropy is de-
creased for a fixed value of a. But, when the magnetic field
increases, the entropy is increased for a fixed a.
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