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Abstract
Physiochemical processes at the photo-electrode and the counter electrode of dye sensitized solar cells
(DSSCs) involving having carbon nanotubes (CNTs) instead of the TiO2 layer, within the working
electrode, are simulated in this work. Attention is paid to ﬁnd the effect of CNT layer thickness on
photo-electrochemical (PEC) characteristics of the CNT-DSSCs. Comparison with other conventional TiO2-DSSC systems, taking into account the working electrode ﬁlm thickness, is also described
here. To achieve these goals, a model is presented to explain charge transport and electron
recombination which involve electron photo-excitation in dye molecules, injection of electrons from
the excited dye to CNT working electrode conduction band, diffusion of electrons inside the CNT
electrode, charge transfer between oxidized dye and (I−) and recombination of electrons. The
simulation is based on solving non-linear equations using the Newton-Raphson numerical method.
This concept is proposed for modelling numerical Faradaic impedance at the photo-electrode and the
platinum counter electrode. It then simulates the cell impedance spectrum describing the locus of the
three semicircles in the Nyquist diagram. The transient equivalent circuit model is also presented
based on optimizing current–voltage curves of CNT-DSSCs so as to optimize the ﬁll factor (FF) and
conversion efﬁciency (η). The results show that the simulated characteristics of CNT-DSSCs, with
different active CNT layer thicknesses, are superior to conventional TiO2-DSSCs.

1. Introduction
Dye-sensitized solar cells (DSSCs) are photo-electrochemical (PEC) cells involving working electrodes based on
mesoporous nano-structured semiconductor polycrystalline ﬁlms deposited onto transparent conducting oxide
substrates (TCOs) [1, 2]. Simulation of solar cells helps understand, design and enhance new devices with higher
efﬁciency. Since their emergence [3], DSSCs are potentially useful third-generation solar energy devices.
The performance of a given DSSC demands efﬁcient visible light harvesting, efﬁcient electron-hole
separation, fast charge transport and slow electron-hole recombination. This is achievable by choosing the
proper materials. In conventional DSSCs the working electrode is a mesoporous semiconductor ﬁlm, such as
those of TiO2 or ZnO, deposited onto a TCO substrate [4]. Ion transportation occurs by the solution redox
couple. Electron diffusion length is determined by electron transport and recombination process competition
[5–8].
High quantum efﬁciency can be achieved, having short-circuited conditions, with electron diffusion length
higher than semiconductor ﬁlm thickness. In case of semiconductor ﬁlm working electrodes, having high
electrolyte concentrations, electron transport should occur mainlythrough diffusion [9, 10]. Diffusion in
conventional DSSCs involves slow transport, compared to mono-lithic electrodes. The diffusion coefﬁcients
depend on incident light intensity [11, 12].
© 2018 IOP Publishing Ltd
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Figure 1. Schematic showing the transport and recombination mechanisms in CNT-DSSCs. The CNT is a replacement for the TiO2 in
the working electrode.

DSSC degradation under PEC working conditions also limits their lifetime and stability. Carbon nanotube
based cells (CNT-DSSCs), where the CNT is used as a replacement for the TiO2 layer, could be an alternative to
conventional TiO2-DSSCs, due to the expected stability and high conversion efﬁciencies the CNT photoelectrodes (PEs) [13]. CNTs are specially stable with high speciﬁc surface area and mechanical durability [14].
They also have tuneable electrical conductivity, and can have metallic or semiconducting properties depending
on different factors as their edge types and diameters [15]. CNTs are thus being extensively considered in
different contemporary electronic applications [16–19]. With their special electronic properties, CNTs are
suitable electrode material candidates [13, 20, 21]. Using CNTs as biosensor electrode materials is reported
[22–25]. After the report of Guiseppi-Elie et al [21], direct biosensors have gained interest [26]. CNTs have been
used as replacement for conventional Pt counter electrodes in TiO2-DSSCs [27]. Researchers studied the
difference between Pt and CNT counter electrodes, from different aspects. However, this topic is not an issue for
the present study.
Interfacial charge transfer processes, within DSSCs, were modelled in earlier literature [28]. The models
explicitly accounted for each interfacial reaction involving the dye, the redox couple and the electrons in the
semiconductor conduction band [28].
The present work describes the Faradaic impedance equation, as derived from the reaction model of PEs and
counter electrodes (CEs) in CNT-DSSCs. To describe the frequency response, in terms of electronic and ionic
processes in the CNT-DSSC, a theoretical model is given here. To our knowledge such a study has not been
reported earlier, and the results here are novel. With the proper equivalent circuits, the charge recombination
which limits the efﬁciency of PEC conversion at the PE can then be simulated and optimized [29, 30]. In an
earlier report, CNT-DSSC and TiO2-DSSC systems have been simulated and compared taking into account the
effect of serial resistance [31]. PEC parameters of the CNT-DSSCs will be simulated, and compared here to other
reported conventional TiO2-DSSCs, for the ﬁrst time to the best of our knowledge, taking into account the
thickness of the CNT active layer and the interfacial charge transport and recombination reactions. Effects of
other parameters on the solar cell performance deserve additional future study.

2. Interfacial charge transport and recombination reactions at CNT/TCO interface
A DSSC is a PEC system with multi-phase involving (TCO) substrate/dye-sensitized semiconductor ﬁlm/
electrolyte/counter electrode (CE). Figure 1 summarizes a model that describes charge-transfer across the
CNT/TCO interface in the working electrode that involves single walled CNTs as replacement for the TiO2
layer. The interfacial model applies to all interfaces at all points within the PE. The interface involves negligible
width within the PE electrode, and has same physical properties at different points.
At the interface, three planes are assumed, all having same electron concentration and potential [28]. The
three planes represent the adsorbed redox ions, the CNT surface electrons and the dye molecules. Surface states
of the CNT surface corresponding to conduction band are considered, together with oxidized and reduced
species within the redox couple.
Figure 1 schematically describes what happens to injected electron from the dye to the CNT. These electrons
travel across the CNT ﬁlm by diffusion and continue their way through the TCO and the metallic wiring [30, 31].
Therefore, in parallel with TiO2-DSSCs, where excitation occurs for the dye molecules themselves, and the
photon-excited electrons travel through the TiO2 semiconductor layers to reach the metallic wiring, CNTDSSCs follow similar logic. In their pristine forms, single walled CNT ﬁlms are known to have transparency
2
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higher than 80% to visible light [32] which allows the photons to reach the dye molecules and cause excitations.
Dye molecules may adsorb onto CNT wall surfaces by different methods. Physi-or chemi-sorption may occur at
many places on the CNT surface [33]. CNTs are also believed to be 1-dimensional conductors, as conduction is
expected to occur along the tube [15]. For these reasons, a dye molecule is assumed to exist onto the opening on
the tube, as shown in ﬁgure 1. The dye molecules are ﬁrst excited with visible light, yielding electron-hole pairs.
The excited electrons travel along the CNTs to reach the TCO, while the holes travel to oxidize the reduced
species in the solution Redox couple. If the electrons do not reach the TCO, and alternatively directly go back to
the oxidized dye molecule, or to the oxidized species of the solution Redox couple, electron hole recombination
occurs with no charge separation. Such a process lowers the cell efﬁciency [34]. The main responsibility of the
CNT in PEC process is thus to assist transport of the electrons from the excited dye molecules to the TCO and to
the external wiring. The transport kinetics is affected by the density of electrons inside the CNT ﬁlm, which is in
turn affected by traps and surface states.
Eelectron diffusion across the CNT ﬁlm is evaluated by different variables, including recombination
assuming appropriate boundary conditions. As stated above, after the working electrode dye is illuminated,
electrons are injected into the CNT. The resulting electron density, within the ﬁlm, is position and time
dependent [31]. The continuity equation is then solved using linear geometry, considering a one dimensional
system (x-coordinate only). The ne is the density of conduction band electrons. The differential equation shown
below can then be solved [31, 34].
De

¶ 2ne (x , t )
¶ne (x , t )
+ G (x ) - R (x ) =
2
¶x
¶t

(1)

Where G(x) denotes generation rate at a given x distance, Re(x) is rate of electron recombination as a function of
x, De is electronic diffusion coefﬁcient (m2.s−1), and ne(x, t) is electron density (cm−3) as a function of distance
(x) from PE surface and time (t) [35].
Generation rate is understood by integrating equation (2), where α(λ) is absorption coefﬁcient, ninj is
efﬁciency of electronic injection, Φ(λ) is ﬂux of incident photons, and λ is incident light wavelength [31]:
G (x ) = ninj

òl

l max

a (l) f (l) e-a (l) xdl

(2)

min

The generation rate is integrated in the wavelength range 3×102 to 8×102 nm, in which the DSSC may
function [36]. Under open circuit conditions the recombination processes readily occur inside the cell solution.
The CNT electrons may directly recombine with (I3-) ions of the redox couple, or may go to TCO layer and then
recombine with the redox species. The recombination process with the I3- follows ﬁrst-order kinetics [36, 37].
R (x ) =

ne (x , t ) - neq
te

(3)

Where neq is the dark electron carrier density at equilibrium, and τe− is lifetime for electrons determined by
reversible reaction with the redox couple I- I-3.

3. Numerical modeling of faradaic impedance
3.1. Interfacial charge transport reaction at photo-electrode (PE)
The electron injection excited dye electrons into the CNT conduction band is described below [38]:
Dye Å  + CNT
 Dye + + CNT The injection of electrons

This distinguishes the different steps involved in the mechanism of interfacial reactions in the DSSC. The
density of the injected electrons is termed as nCNT (mol.cm−3). Such electrons migrate across the CNT thanks to
the potential gradient in the space charge layer (SCL). G (mol.cm−2.s−1) describes the excitation rate of electrons
due to PE irradiation. The dye is thus oxidized simultaneously by electron injection into the CNT. The oxidized
dye is then reduced by receiving electrons from I−. In the PE, reduction of I-3 with CNT injected electrons is a
charge recombination, a process so-called back electron transfer [38, 39].
Equations of mass balance are derived for the following parameters: electron density within CNT layer
surface (nCNT [mol.cm−3]), I− ion concentration at the PE (CI−,PE [mol.cm−3]), I-3 concentration at the PE
surface (CI−3,PE [mol.cm−3]), and the oxidized dye ratio (θ).
Two electrochemical reactions are normally considered, at the CNT/Dye interface, and in the mediator. The
mass balance equations are useful in describing such behaviors. The ﬁrst equation helps in determining the
variation in the species concentration in a given time [40].
3
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The second equation helps in determining variations in θ and the electron density nCNT, in a given time. The
mass balance of C I-3,PE, C I-,PE, θ, and of nCNT is:
⎧ ¶C I -, PE
3
= k1 C I33-, PE q 2 - k2 nCNT C I3-, PE - J I3-, PE
⎪ h1
¶t
⎪
⎪ ¶C I -, PE
= - 3k1 C I33-, PE q 2 + 3k2 nCNT C I3-, PE - J I3-, PE
h
⎪
⎪ 1 ¶t
⎨
⎪n 0 ¶q = (1 - q ) G 0 - 2k1 C I3-, PE q 2
3
⎪ ¶t
⎪
⎪ h2 ¶nCNT = (1 - q ) G 0 - 2k2 nCNT C I -, PE - nCNT m 2qND (Ea - E fb )
e
3
⎪
¶t
es
⎩

(4)

Where JI-3, PE [mol.cm−2 s−1] is I-3 ﬂux, JI-,PE [mol.cm−2 s−1] is the I− ﬂux, h1[cm] is layer thickness for
electrochemical reactions at the PE surface, h2[cm] is the CNT ﬁlm diameter, μe [cm2.V−1 s−1] is mobility of the
electrons inside the CNT ﬁlm, and G0 [mol.cm−2 s−1] is electron excitation rate by light with no oxidized dye
(θ=0) [40].
Furthermore, n0 [mol.cm−2] is concentration of the dye adsorbed at the surface, k1 [cm7.mol−2 s−1] is the
rate constant for I− oxidation, and k2[cm4.mol−2 s−1] is rate constant I-3 reduction. The k1 and k2 potentialindependent rate constants. This is because the I- I-3 redox potential and ﬂat-band potential Vfb have constant
values [40, 41].
Based on equation (4), the steady-state mass balances of C I- ,PE, C I-3,PE, θ and nCNT are described in
equation (5). For C I-,PE, C I-3,PE, θ and nCNT, the steady states are written as C I3-, PE, C I -,PE, q and nCNT [42, 43].
- , C Values of C I3,PE
I ,PE , q and nCNT are approximated using the Newton–Raphson method [41–43].
⎧ ¶C I -, PE
3
= f1 (C I3-, PE , C I -, PE , q , nCNT ) = 0
⎪ h1
¶
t
⎪
⎪ ¶C I -, PE
= f2 (C I3-, PE , C I -, PE , q , nCNT ) = 0
⎪ h1
¶
t
⎨
⎪n ¶q = f (C - , C - , q , n ) = 0
I3 , PE
I , PE
CNT
3
⎪ 0 ¶t
⎪
⎪ h2 ¶nCNT = f (C I -, PE , C I -, PE , q , nCNT ) = 0
4
3
⎩
¶t

(5)

Equation (5) can be re-written, using vectors, in a single expression:
f i (x i ) = 0

(6)

Equation (7) gives solution for a system of 4 non-linear equations with 4 unknowns.
Vector xi involves the independent variables, while the vector fi involves the functions fi(xi):
⎡ f (C - , C - ,
⎡C - ⎤
⎢ 1 I3 , PE I , PE
⎢ I3 , PE ⎥
⎢ f (C I -, PE , C I -, PE ,
x i = ⎢ C I , PE ⎥ , fi (x i ) = ⎢ 2 3
⎢
⎥
⎢ f3 (C I3-, PE , C I -, PE ,
⎢ q ⎥
⎢⎣ f (C I -, PE , C I -, PE ,
⎣nCNT ⎦
3
4

q , nCNT ) ⎤ ⎡ f (x ) ⎤
⎥
1 i
q , nCNT ) ⎥ ⎢ .. ⎥
⎥=⎢ . ⎥
q , nCNT ) ⎥ ⎢ . ⎥
⎢ f (x ) ⎥
q , nCNT ) ⎥⎦ ⎣ n i ⎦

(7)

To solve linear equations, the Newton-Raphson method requires building a matrix, so-called the Jacobian
(J) of the system. J is deﬁned as:
⎡ ¶( f )
1
⎢
⎢ ¶C I3-, PE
⎢ ¶( f )
2
⎢
¶
C
⎢
¶( f1 , f2 , .., fn )
I3 , PE
=⎢
J=
¶
f3 )
(
¶(x1, x2, .., x n )
⎢
⎢ ¶C I -, PE
3
⎢
⎢ ¶ ( f4 )
⎢ ¶C I -, PE
⎣
3

¶( f1)

¶( f1)

¶C I -, PE
¶ ( f2 )

¶nCNT
¶ ( f2 )

¶C I -, PE

¶nCNT

¶( f3 )

¶( f3 )

¶C I -, PE
¶ ( f4 )

¶nCNT
¶ ( f4 )

¶C I -, PE

¶nCNT

¶( f1) ⎤
⎥
¶q ⎥
¶ ( f2 ) ⎥
⎥
¶q ⎥
⎡ ¶fi ⎤
⎥
⎥= ⎢
⎣ ¶x i ⎦n ´ n
¶( f3 ) ⎥
¶q ⎥
⎥
¶ ( f4 ) ⎥
¶q ⎥⎦

(8)

for i=1, .. , n, and n=4.
Assuming x=x0 (a vector) is the ﬁrst trial for the solution, other successive solution approximations can be
made from:
4
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⎡C - ⎤
⎡C - ⎤
⎢ I3 , PE ⎥
⎢ I3 , PE ⎥
⎢ C I -, PE ⎥
= ⎢ C I , PE ⎥
⎢
⎥
⎢
⎥
⎢ q ⎥
⎢ q ⎥
⎣ nCNT ⎦k + 1 ⎣ nCNT ⎦k

⎡ f (C - , C - ,
⎢ 1 I3 , PE I , PE
⎢ f (C I -, PE , C I -, PE ,
⋅⎢ 2 3
⎢ f3 (C I3-, PE , C I -, PE ,
⎢⎣ f (C I -, PE , C I -, PE ,
3
4

q,
q,
q,
q,

⎡ ¶( f )
1
⎢
¶
C
⎢ I3 , PE
⎢ ¶( f )
2
⎢
⎢ ¶C I3-, PE
-⎢
⎢ ¶( f3 )
⎢ ¶C I -, PE
3
⎢
¶
f4 )
(
⎢
⎢ ¶C I -, PE
⎣
3
⎤
nCNT )
⎥
nCNT ) ⎥
⎥
nCNT ) ⎥
nCNT ) ⎥⎦

¶( f1)

¶( f1)

¶C I -, PE
¶ ( f2 )

¶nCNT
¶ ( f2 )

¶C I -, PE

¶nCNT

¶( f3 )

¶( f3 )

I -,

¶C PE
¶ ( f4 )

¶nCNT
¶ ( f4 )

¶C I -, PE

¶nCNT

-1
¶( f1) ⎤
⎥
¶q ⎥
¶ ( f2 ) ⎥
⎥
¶q ⎥
⎥
¶( f3 ) ⎥
¶q ⎥
⎥
¶ ( f4 ) ⎥
¶q ⎥⎦

(9)

The cell current I is affected by rate of electrons which migrate in the SCL as:
I = FnCNT me

2qND (Ea - E fb )

(10)

es

Equation (11) is derived from equation (10) by Taylor series expansion, without considering terms of orders
higher than second order.
⎛ 2qN (E - E )
n
D a
fb
DI = Fme ⎜⎜
DnCNT + CNT
es
2
⎝

⎞
2qND
DEa⎟⎟
es (Ea - E fb )
⎠

(11)

The Faradaic impedance ZF,PE can then be found by dividing equation (11) by PE potential gradient DEPE
[41, 44].
1
ZF , PE

=

⎛ 2qN (E - E ) Dn
DI
n
D a
fb
CNT
= Fme ⎜⎜
+ CNT
DEa
es
DEa
2
⎝

2qND
es (Ea - E fb )

⎞
⎟⎟
⎠

(12)

Equation (12) yields ZF,PE as a function of DnCNT DEa. Based on equation (5), equation (13) is derived using
Taylor series expansion.
h1

dC I3,-PE
dt

= - 6k1 C 3 I ,-PE qDq - 9k1 C 2 I ,-PE q 2DC I ,-PE + 3k2 C I3,-PE DnCNT + 3k2 nCNT
´ DC I3,-PE - DJ I3,-PE

(13)

From equation (13), equation (14) is derived using Fourier transformation and division by ΔEa.
⎛
DJ I ,-PE ⎞ DC I3-PE
Dq
DnCNT
⎜⎜ jwh1 + 9k1 C 2 I ,-PE q 2 +
⎟⎟
= - 6k1 C 3 I ,-PE q
+ 3k2 C I3,-PE
D
D
C
E
E
D
DEa
⎝
I , PE ⎠
a
a
DC I3,-PE
+ 3k2 nCNT
DEa

(14)

where j is the unit of imaginary number and ω is the angular frequency. Similarly, equations (15) and (16) can
also be derived from equation (4) [37].
⎛
DJ I3,-PE ⎞ DC I3,-PE
DC I ,-PE
Dq
DnCNT
⎜⎜ jwh1 + k2 nCNT +
⎟⎟
= - 2k1 C 3 I ,-PE q
- k2 C I3,-PE
+ 3k2 C 2 I ,-PE q 2
DC I3,-PE ⎠ DEa
DEa
DEa
DEa
⎝
( jwn 0 + 4k1 C 3 I3,-PE q + G 0 )
+m
´

(15)

DC I ,-PE
Dq
( jwh2 + 2k2 C I3,-PE
= - 6k1 C 2 I ,-PE q 2
DEa
DEa

DC I ,-PE
2qND (Ea - E fb ) ⎞ DnCNT
mnCNT
Dq
⎟⎟
= -G0
- 2k2 nCNT
2
es
DEa
DEa
⎠ DEa
2qND
es (Ea - E fb )

(16)
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Figure 2. Schematic reaction mass transfer at the Pt/redox couple interface.

And (DJI ,-PE DC I ,-PE ) and (DJI3,-PE DC I3,-PE ) can be found by:
DC I ,-PE
DJ I ,-PE
DC I3,-PE
DJ I3,-PE

= ( jwD I -)1

= ( jwD

I3

2

)1 2

⎧ ⎛ jw ⎞1 2⎫
tanh ⎨ga ⎜
⎟ ⎬
⎩ ⎝ DI- ⎠ ⎭

(17)

⎧
⎛ jw ⎞1 2⎫
⎪
⎪
⎨
tanh ⎪ga ⎜
⎟ ⎬
⎪
⎩ ⎝ D I3 ⎠ ⎭

(18)

⎪

⎪

⎪

⎪

3.2. Interfacial mass transfer reaction at counter electrode
As electrons diffuse through the redox couple, I3- is reduced to I− at CE. In a DSSC the CE is usually a thin
platinum catalytic layer deposited onto a TCO substrate. Over potential is needed to force reduction reaction at a
given current density. The kinetic over-potential can be minimized by using a high exchange current density for
the redox couple. This manifests the importance of using platinum electrodes, as they behave as charge transfer
catalysts. The electron transfer rate from platinum to I3- is faster than from the TCO conduction band. Voltage
losses may thus occur by diffusion [45, 46].
Recombination of semiconductor excited electrons with I3- is the major loss process in a DSSC. In
TiO2-DSSC theoretical and experimental studies of recombination kinetics are focused on I-/I3- redox couple
[47]. In case of CNT systems, a two-electron recombination reaction with I-/I3- is assumed as shown
equation (A) below:
I3- + 2e-  3I-

(A)

Two possible intermediate steps may occur for the reaction as shown below. Equation (B) involves an
elementary reduction reaction for I-3 to iodine radical ion I-2.
I3- + e-  I2- + I-

(B)

I2- + e-  2I-

( C)

2I2-  I3- + I-

(D)

3I3-  I3- + 2e-

(E)

A multi-step mechanism involving the species I-2 is thus expected for electron transfer to I3-, with one step
being rate determining. Unfortunately, the exact nature of the electron transfer process is not known. Device
parameters, such as the dye molecule and the electrolyte solvent, affect the reaction which is believed to be
approximately ﬁrst order with respect to either I-2 and I-3 [48–50].
The reduction processes that occur at the Pt CE are summarized in ﬁgure 2. The redox reaction of I−/I−
3 may
occur via different mechanisms [48–50], and the reactions (A) through (E) are used to calculate the Faradaic
impedance here.
6
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Figure 3. A proposed equivalent circuit of DSSC with Faradaic impedance.

Mass balances of I− (CI−,CE) and I-3 (CI−3−,CE) concentrations on the CE are [41].
⎧ ¶C I -, CE
= 3k3 C 3 I -, CE - J I -, CE
⎪
⎪ h3 ¶t
⎨
⎪ h ¶C I3-, CE = - 3k C - + k C 3 - - J 3
3 I3 , CE
I3 , CE
I3 , CE
-3
⎪
⎩
¶t

(19)

At the CE, h3 describes the reaction layer thickness, while k3 [cm.s−1] and k−3 [cm7.mol−2.s−1] are potentialdependent rate constants. The rate constants (k3 and k-3) for the reversible reaction depend on the reactant
concentrations and on the rate constants for process.
At steady state (¶C I -, CE ¶t ) = 0 and (¶C I3-, CE ¶t ) = 0, the steady-state mass balances are thus given by:
⎧ ¶C I -, CE
= g1 (C I -, CE , C I3-, CE ) = 0
⎪
⎪ h3 ¶t
⎨
⎪ h ¶C I3-, CE = g (C - , C - ) = 0
I , CE
I3 , CE
3
⎪
2
⎩
¶t

(20)

⎡C I -, CE ⎤
⎥ is a vector that contains the independent variables.
Where x i = ⎢
⎢⎣C I3-, CE ⎥⎦
To solve the linear equations, the Newton-Raphson method requires construction of a matrix deﬁned as:
⎡C I -, CE ⎤
⎢
⎥
⎢⎣C I3-, CE ⎥⎦
k+1

-1
⎡ ¶g
¶g1 ⎤
1
⎢
⎥
⎡ g (C I -, CE , C I -, CE ) ⎤
⎡C I -, CE ⎤
¶C I -, CE ¶C I3-, CE ⎥
3
⎥
⎢ 1
⎥ - ⎢⎢
=⎢
.
¶g2
¶g2 ⎥
⎢⎣C I3-, CE ⎥⎦
⎢⎣ g2 (C I -, CE , C I3-, CE )⎥⎦
k
⎢
⎥
⎢⎣ ¶C I -, CE ¶C I3-, CE ⎥⎦

(21)

In the CE, the Jacobian matrix (J) for the interfacial reaction system is deﬁned by:
⎡ ¶g
¶g1 ⎤
1
⎢
⎥
¶(g1, g2 )
⎢ ¶C I -, CE ¶C I3-, CE ⎥ ⎡ ¶gi ⎤
=⎢
=⎢
J=
⎥
¶g2
¶g2 ⎥ ⎣ ¶x i ⎦n ´ n
¶(x1, x2 )
⎢
⎥
⎣⎢ ¶C I -, CE ¶C I3-, CE ⎥⎦

(22)

for i=1, .., n and n=2.
For the CE, the charge balance is:
I = 2F (k3 C I3-, CE - k-3C 3 I -, CE )

(23)

From equation (23), the following equation can be derived by the Taylor series expansion:
DI = - 2F (k3 DC I3-, CE + b3 k3 C I3-, CE DEc - 3k-3C 2 I -, CE DC I -, CE - b-3k-3C 3 I3-, CE DEc )

(24)

From the reciprocal of DI DEa the Faradaic impedance ZF,CE can be obtained from equation (25).
1
ZF , CE

=

⎛ DC I3-, CE
⎞
DC I -, CE
DI
- b-3k-3C 3 I3-, CE ⎟
+ b3 k3 C I3-, CE - 3k-3C 2 I -, CE
= - 2F ⎜k3
⎝
⎠
DEc
DEc
DEc

(25)

Figure 3 involves ﬁve parameters: total resistance for substrate and solution (Rs), Faradaic impedance for the
PE (ZF,PE) and for the CE (ZF,CE), and values of electric double layer capacitance for PE (Cdl,PE) and CE (Cdl,CE).
The impedance values for both the PE (ZPE) and the CE (ZCE) can be found as [37]:
ZPE =

ZF , PE (w )
jw . ZF , PE (w ) Cdl, PE + 1

7
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ZCE =

ZF , CE (w )
jw.ZF , CE (w ) Cdl, CE + 1

(27)

Value of cell impedance (ZDSSC) may be obtained based on the equivalent circuit described in ﬁgure 3 by:
ZDSSC = ZPE + Z CE + R S

(28)

ZDSSC involves a real part (Z′) and an imaginary part (Z″) related by ZDSSC=Z′−j Z″.

4. Results and discussion
Results of numerical modelling impedance spectra the interfacial charge transport and mass transfer model at
PE and Pt CE are shown here. Equations of Faradaic impedance for the PE and the CE [19, 22] are derived. DSSC
cell impedance and J-V curve simulations are also described to test the assumed equivalent circuit using Faradaic
impedance (ﬁgure 3). Electrochemical impedance helps to ﬁnd the effect of different resistances on CNT-DSSC
performance.
Two differential equation sets (mass transfer balance equation and migration) can help ﬁnd Faradaic
impedance for electrodes, as described in sections 3.1 and 3.2. An algorithm is shown to observe the
electrochemical impedance spectra, as shown below:
Algorithm
Begin
1. Initialization of the physical parameters
.The initial values
x0= [C I3-, PE , C I -, PE , q, nCNT ]; % PE;
x0= [C I3-, CE , C I -, CE ]; % CE;
2. While (w < wmax ) do
- Array containing the vector independent variables
- given the jacobian function J, with
- x0 is an initial guess of the solution
- epsilon=1e−10;
- maxval=10 000.0;
- xx←x0;
3. While (N<0) do
JJ=J(xx);
If abs(det(JJ))<epsilon then
error (‘ newtonm—Jacobian is singular—try new x0 ’);
end;
xn←xx−(JJ)−1×f(xx);
If abs(f(xn))<epsilon then
x←xn;
iter=100-N;
return;
end;
If abs(f(xx))>maxval then
iter=100-N;
error (‘Solution diverges’);
end;
N←N+1;
xx←xn;
end;
error(‘No convergence after 1e2 iterations.’);
abort;
4. Calculation of Faradaic impedance of the PE (Za)
(w )
Z
ZPE = jw . Z F ,(PE
F , PE w ) Cdl , PE + 1
5. Calculation Faradaic impedance of the CE (Zc)
(w )
Z
ZCE = jw . Z F ,(CE
F , CE w ) Cdl , CE + 1
6. Calculation Faradaic impedance of the DSSC based on CNT
ZDSC = ZPE + Z CE + R S
w = w + 1;
End.
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Table 1. Simulation input parameters.
Input parameter

Value

Reference

ks
DI D I -3
T
C I-,PE
C I-3,PE
μe (CNT)
De−

4.43×10−12 Fcm−1
4.91×10−6 cm−1 s−1
4.91×10−6 cm−1 s−1
298 K
3×10−4 mol.cm-3
3×10−5 mol.cm-3
108 cm2 V−1 s−1
kT
m (cm−1 s−1)
e e

[40]
[35]
[35]

2×10−7 mo.lcm−2 s−1
109 mol−2 cm7 s−1
105 mol−2 cm4 s−1
1016 cm−3
0.002 cm
10−8 mol.cm−2
3×10−4 mol.cm−3
3×10−5 mol.cm−3
10−20 mol.cm−3
5×10−3 F.cm−2
10−4 F.cm−2
0.001 μm

G0
k1
k2
ND
δa
n0
C I-,CE
C I -3,CE
N0
Cdl,PE
Cdl,CE
h2

[41]
[41]
[13]
[13]
[41]
[41]
[41]
[51]
[40]
[40]
[40]
[40]
[40]
[40]

Section 3 described details of the test cell. Unless otherwise stated, the parameter values (all of which are
deﬁned above) used in the simulations are those listed in table 1. Faradaic impedance is frequency dependent
that is related to the electrode processes, such as photo-excitation, electron transfer, charge transfer and
diffusion.
Electrical circuits, with resistors and capacitors, can describe physical and chemical reactions. Interfacial
reaction analysis involves response of the system as a function of the frequency. The PE and CE Nyquist
diagrams can thus be constructed.
Impedance simulation can be used to study interfacial charge transport and mass transfer reactions in
DSSCs. Therefore, the simulation technique has been used for CNT-DSSCs, to study the internal resistances and
the interface electron transfer kinetics.
Impedance spectra are simulated here within the frequency range 10−2–106 Hz. Based on table (1)
parameters, the Faradaic impedance is calculated to model the CNT electrodes, as shown in ﬁgure 4.
The equivalent circuit shown in ﬁgure 3 is proposed to analyse the DSSC impedance spectrum based on the
theoretical understanding of the mechanism of interfacial charge transport and mass transfer. Figure 4 shows the
simulation result of the impedance spectrum ZPE (Nyquist diagram), based on table (1) parameters. The
Faradaic impedance for the PE (ZF,PE), is obtained from simulation using equations (4) and (12), with the
Newton- Raphson (MNR). The impedance spectrum shows two loops, one large capacitive loop for highfrequency, and one relatively inductive loop based on lower frequency.
Two competing phenomena occur, namely: electron recombination and electron transport, corresponding
respectively to the pulsations ωrec and ωd. In order to ﬁnd relative importance of these terms, the value of their
ratio can be determined as:
wrec
t
= n
wd
td

(29)

Where τn?τd.
Electron lifetime is longer than its transfer time. Therefore, the electrons may transfer before recombination.
This is a necessity for a given solar cell to function. This means low transfer resistance Rt and high recombination
resistance Rr values. Figure 5 summarizes the simulated Nyquist plot for the Pt CE.
Figures 6 and 7 show the Nyquist plots CNT-DSSC and TiO2-DSSC cells, respectively, in the low and high
frequency ranges. In each case, two main semicircles are observed for ZDSSC impedance spectra in each
frequency range. The results can be interpreted as follows: the ﬁrst semicircle at high frequency range
(103–105 Hz) corresponds to the oxidation/reduction reaction at the electrode, while the second semicircle at
low frequency range (1–102 Hz) corresponds to charge transfer at the CNT/Dye/electrolyte interface.
Under steady-state conditions of photo-current and photo-voltage, the electron transport (in the CNT ﬁlm),
the electron recombination (with electrolyte at the CNT/electrolyte interface) and electron injection (from
excited dye molecules) can be described by equation (1).
9
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Figure 4. Nyquist diagram for the PEs in CNT.

Figure 5. Simulated Nyquist plot for the Pt CE.

The x describes position within the cell, where x=0 shows TCO-CNT interface. The x=d is the thickness
of the simulated cell and describes the Pt-TCO/electrolyte interface.
In case of short-circuit, the electron density at the working electrode surface (x=0) at zero time, equals the
electron density in case of zero photo-voltage, n0=n(x=0, V=0, t=0)=n(x=0, V=0, t) [9, 31]. Under
conditions of short-circuit, the excited electrons yield photo-current and do not combine with the redox couple.
Boundary conditions are thus:
n (0) =

¥

òE

f L (E ) N (E ) dE

(30)

c

And
dn
dx

10

=0
x=d

(31)
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Figure 6. Simulated impedance spectra of CNT-DSC.

Figure 7. Simulated impedance spectra of TiO2-DSSC.

Short-circuit current density (Jsc) is given as:

JSC

⎤
⎡
⎛d ⎞
⎛d ⎞
qjLa (l) ⎢ - La (l) cosh ⎜ ⎟ + sinh ⎜ ⎟ + La (l) exp ( - dx ) ⎥
⎝L⎠
⎝L⎠
⎦
⎣
=
⎛
⎞
d
(1 - L2a (l)2) cosh ⎜ ⎟
⎝L⎠

(32)

Where q is the charge of the electron, L is electron diffusion length equivalent to De t , and d is thickness of the
thin ﬁlm [31].
For the working electrode electron density, in case an appropriate functionality is taken into account, cells
with external resistive loads can be modelled. Under applied bias, or illumination high intensity, the density of
11
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Figure 8. Calculated photo J–V characteristics for CNT-DSSC having different electrode thicknesses.

ﬁlm electrons should increase. Here, the density of electrons as a function of voltage at x=0, ne(V ) is calculated
by:
⎛ q aV ⎞
ne (V ) = n 0 exp ⎜
⎟
⎝ kB T ⎠

(33)

Where a is a parameter that describes average depth of the trap state energy distribution beneath conduction
band (CB).
For a given current density, the value for cell voltage (V ) is calculated by equation (35), where ER(d) is the
redox potential at the CE.
V=

1 n
[EF (0) - ER (l )]
q

(34)

The Fermi level, EnF (0), for CNT at the TCO/CNT interface (x=0), is affected by concentration of electron
at the interface, ne(0), equation (35).
EFn (0) = EBC + kB Tln

ne (0)
NBC

(35)

Where NCB is the CNT effective density of states in the CNT conduction band as described in equation (36),
knowing me is effective mass of electron and h is the Planck’s constant [31].
NBC = 2

(

2pme*kB T 3 2
h2

)

(36)

The model originally used in thin ﬁlm solar cell simulations [1], allows the steady-state simulation for J–V
plots, concentration of electro-active species (depth dependent) and current densities for a given DSSC. The
numerical solution for the continuity equation (1), combined with equations (32) and (33), together with
boundary conditions, yields J–V simulated plots [31]. Attention is paid here to see effect of working electrode
layer thickness for the CNT-DSSC.
The calculated photo J–V plots for CNT-DSSCs, with different CNT working electrode layer thicknesses, are
obtained, as shown in ﬁgure 8.
The series resistance, RS, can also be considered into the calculation. In this case, the voltage V used is
replaced by V=V+JARS, where J is photo current density and A the electrode geometrical surface area [31].
Figure 8 describes effect of CNT electrode layer thickness on J-V characteristics, The effect of series resistance
has already been reported earlier [31] and is not included here. The results are summarized in table 2. For bench
mark purposes, earlier reference values for TiO2-DSSC system are included for two different thicknesses 7
and 14 μm.
12
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Table 2. Simulated PEC performance parameters (JSC, VOC, FF and η) for CNTDSSCs with different working CNT electrode layer thicknesses, with platinum
counter electrode.

d CNTs
(μm)

CNT-DSSC

VOC
(mV)
CNTDSSC

3
6
7
9
12
14
7a
14a

18.38
18.39
18.4
18.53
18.58
18.63
8.22
8.21

705
708
710
730
745
755
696
689

JSC (mA cm−2)
Entry
number
1
2
3
4
5
6
7
8
a

FF
(%)
CNTDSSC

η (%)
CNTDSSC

48.70
51.15
51.81
51.85
52.10
52.47
53
52

5.85
6.17
6.72
6.95
7.11
7.38
3.01
2.95

Using TiO2 as working electrode layer as reported earlier [36].

Table 2 shows that the PEC characteristics are affected by working electrode thickness in both CNT-DSSC
(entries # 1–6) and TiO2-DSSC (entries # 7–8) systems. Entries 1–6 show that the CNT-DSSC cell exhibits
enhancement in PEC characteristics with increased CNT ﬁlm thickness. Similarly, the literature TiO2-DSSC cell
shows enhancement in PEC characteristics by increasing the working electrode thickness from 7 to 14 μm.
Entries 7 and 8) show that the TiO2-DSSC cell exhibits generally lower PEC characteristics than the TiO2-DSSC
counterpart. As per the CNT-DSSC cell, the increase in PEC characteristics is not too small with ﬁlm thickness.
This means that two opposing factors are affecting performance with thickness increase. The internal resistance
across the CNT increases, with ﬁlm thickness increase, and lowers the JSC, as described earlier [30]. On the other
hand, light absorption increases with thickness, which causes higher JSC values. As a balance off, the increase in
PEC performance with ﬁlm thickness is only small. In case of the TiO2-DSSC, the internal resistance is the
dominant factor.
It is thus strongly recommended to devote more theoretical and experimental study on CNT-DSSC systems.
Work is underway here to study effects of other parameters, such as type of redox couple, temperature, stability,
and others, on the cell performance. Studying capacitance versus voltage (CV) analysis, to improve cell
performance, is another area is also underway under way here. Using double and multi- walled CNTs is another
issue to study which may add further enhancement to the cell performance. Effect of CNT diameter, edge type,
and doping on cell performance is worth to study.

5. Conclusion
A mathematical model for a CNT-DSSC is presented, focusing on effect of CNT working electrode thickness on
PEC characteristics. Interfacial charge transport and mass transfer reactions are considered in the study. The
theoretical study of the interfacial reaction kinetics helps to describe a system in the form of Faradaic impedance
equations. The equations are derived by an electrochemical reaction at the photo-electrode and the counter
electrode. The solution to this problem by non-linear programming techniques, such as the Newton-Raphson
algorithm, using the numerical calculation is possible. The simulated photo-electrochemical characteristics for
the CNT-DSSC are superior to TiO2-DSSC counterpart.
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