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Abstract—Reversible logic has been considered as a promis-
ing direction in the field of low power design and quantum
computing. However, synthesizing reversible circuits is totally
different from that of irreversible circuits. Therefore, several
algorithms have been devoted to optimize the synthesis process
of reversible circuits in terms of the Quantum Cost (QC). Binary
Decision Diagram (BDD) based synthesis has been found as
one of the dominant algorithms in reversible logic synthesis,
due to its scalability in synthesizing large-scale circuits within
a reasonable synthesis time that is bounded by the BDD size.
However, the QC of the synthesized circuit is strongly correlated
with the used BDD size in the synthesis process, wherein, each
BDD node is substituted by a cascade or reversible gates. As a
result, exploiting effective BDD reordering algorithms combined
with BDD reduction rules turns out into less QC. In this paper,
we propose a BDD reordering methodology wherein recently
published swarm based optimization algorithms are integrated
and compared in terms of the resultant BDD size. Experimental
results show that Moth-Flame Optimization (MFO) algorithm
outperforms other algorithms on the public benchmarks.

Index Terms—Reversible Logic, BDD, Swarm.

I. INTRODUCTION

With the ongoing miniaturization of integrated circuits
to keep pace with high performance computing requirements,
power dissipation forms a major barrier in the development
process due to its excessive resultant heat which results in
serious circuit malfunction. According to Laundauer’s prin-
ciple, each bit loss leads to energy dissipation. However, as
reversible circuits preserve every bit value from being lost,
they significantly reduce energy consumption [1].

Reversible logic imposes a bijective mapping between input
and output vectors. Thus, it is possible to obtain an input
vector from its corresponding output. This property is highly
demanded in several fields such as: digital signal processing,
communication, computer graphics, DNA computations, op-
tical computing, low power CMOS design and cryptography.
Furthermore, because each quantum circuit is inherently re-
versible, It is possible to easily apply the advances in reversible
computations in the field of quantum computing [2].

The synthesis process of reversible circuits significantly
differs from the synthesis of their irreversible counterparts.
First of all, the number of inputs should equal to the number of
outputs in a reversible circuit with bijective mapping between

978-1-7281-5426-8/20/$31.00 ©2020 |IEEE

each input vector and output vector. In addition, feedback
and fan-out are prohibited in the synthesis process. Therefore,
to synthesize a Boolean function, only reversible gates (such
as NOT, CNOT, and Toffoli gates) are cascaded together, to
form a reversible circuit wherein the required input function
is embedded. However, such embedding might require adding
extra input and output lines to achieve the required bijective
mapping between inputs and outputs. Additional input lines are
known as constants, while additional output lines are known
as garbage. Fig. 1 illustrates a cascade of reversible gates in
which a full adder function is embedded with one constant
input and two garbage outputs.

0 B o Cout
Cn sum
e _

v ,

Fig. 1. A full adder embedded in a reversible circuit with one constant input
and two garbage outputs.

A reversible circuit has to be designed with low cost in
terms of reversible gate count, input/output line number, and
with low cost to transform that circuit into a quantum circuit.
The latter metric is known as the Quantum Cost (QC) which
forms the key metric to be tackled in the synthesis process.
Notice that, the QC is directly affected by the gate count and
the control lines number as well [3].

Several algorithms have been proposed in the literature to
synthesize reversible circuits from input function specifica-
tions. Both exact and heuristic based approaches have been
developed to construct a network of reversible gates realizing
required input function. However, some algorithms are not
satisfactory due to their limited scalability in synthesizing
complex circuits with large number of inputs, such as Trans-
formation Based Synthesis (TBS), AIGs , and Lookup Table
(LUT) based algorithms [4][5]. Other algorithms mainly aim
to implement a circuit that realizes the input function without
considering the quantum cost. Some other algorithms generate
circuits with redundant lines which significantly increases its
quantum and transistor level costs. Exact algorithms slowly
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converge for complex circuits, in addition to their memory
demands that rise rapidly with circuit size increase [6].

Binary Decision Diagrams (BDDs) have been proposed
as a compact data structure to represent Boolean functions
following Shanon decomposition. BDD-based synthesis for
reversible circuits has been well exploited for synthesizing
large scale input functions. With their compact representation
for Boolean functions, the usage of BDDs in the synthesis
process makes the size of the resulting circuit to be bounded
by the BDD size [7]. In BDD-based synthesis, the BDD for
the input function is obtained. Thereafter, reduction rules and
reordering algorithms are applied on this BDD to reduce its
size. At the last stage, each BDD node is substituted by a
cascade of reversible gates following a predefined mapping
table. Thus, reordering a BDD with preserving its fidelity
in representing the input Boolean function forms a crucial
stage in the synthesis process since reducing the BDD size
is expected to result in smaller reversible circuits, and thus,
less QC [8].

Finding the optimal order of variables in a BDD that
results in the least size is NP complete problem [9]. Several
algorithms have been proposed to solve this problem such
as: SAT solver based [10], greedy (namely sifting algorithm)
[11], dynamic programming [12], and meta-heuristic based
algorithms such as Genetic Algorithm (GA) and Simulated
Annealing (SA) based reordering nodes [13]. Swarm based
optimization algorithms have shown great evidence in solving
complex problems. However, recent swarm algorithms have
not been exploited in BDD reordering problem.

In this paper, we propose a swarm-based optimization
methodology for BDD reordering algorithm, wherein, recent
swarm optimization algorithms are integrated and evaluated
in terms of the resultant BDD size. Our contributions are
summarized as follows:

e« We construct a BDD reordering optimization engine
to minimize the BDD size, and thus, the QC for the
synthesized reversible circuit.

o We integrate recent swarm algorithms in the proposed
optimizer including: Particle Swarm Optimization (PSO),
Cuckoo Search (CS), Firefly Algorithm (FFA), Grey Wolf
Optimization (GWO), Moth Flame Optimization (MFO),
Bat Algorithm (BAT), Salp Swarm Algorithm (SSA), and
Whale Optimization Algorithm (WOA).

o We evaluate the swarm algorithms in terms of the size of
the resultant BDD size.

The rest of this paper is organized as follows: Related work
is presented in Section II. Section III presents problem formu-
lation and evaluation metrics. Reversible circuit synthesis flow
and the proposed optimization methodology are presented in
Section IV. Experimental results are presented in Section V
and Section VI concludes this paper.

II. PREVIOUS WORK

Several algorithms have been proposed in the literature to
optimize reversible circuit synthesis including: Transformation

Based Synthesis (TBS) [4], exact synthesis, and Boolean Sat-
isfiability Solver (SAT) based synthesis [10]. However, such
algorithms slowly converge for complex circuits. Heuristic
algorithms have been well exploited to find near-optimal syn-
thesis of reversible circuits. For example, Genetic Algorithm
and particle swarm optimization have been well exploited
in [14, 15] to synthesize a reversible function. However, such
algorithms might slowly converge on small-scale circuits and
need to be integrated with local search algorithms to produce
low cost circuits.

Synthesizing reversible circuits after converting a binary
function into a BDD instead of building the circuit depend-
ing on other representations has opened the door to exploit
BDD reduction rules to reduce the cost of its corresponding
reversible circuit [1][16]. In this context, the algorithm in [8]
proposes a modified version of transformation based synthesis,
wherein, BDD paths are used to synthesize the circuit instead
of using truth tables. In the paper of [17], the work proposes
a synthesis approach that can cope with Boolean functions
containing more than a hundred of variables. Authors here
present a technique to derive reversible circuits for a function
given by a BDD. The size of the resulting circuit is bounded
by the BDD size. This allows to transfer theoretical results
known from BDDs to reversible circuits.

The order of variables in the BDD impacts its size, and
thus, the cost of the synthesized reversible circuit. Sifting
and windowing algorithms have been proposed as a greedy
algorithm to reorder the nodes of an existing BDD to reduce
its size [11]. Other BDD reordering algorithm exploit dynamic
programming [12] and heuristic-based reordering algorithms,
such as Genetic Algorithm (GA) and Simulated Annealing
(SA) algorithms. Heuristic algorithms have shown great evi-
dence in solving BDD reordering problem [18][13].

Optimization algorithms based on swarm intelligence have
some distinct advantages over traditional methods. The anal-
ysis has focused on the way of achieving exploration and
exploitation and the basic components of evolutionary oper-
ators such as crossover, mutation, and selection of the fittest
[19]. However, such algorithms have not been well exploited
in BDD reordering problem.

Our work is related to applying recent PSO based algorithms
to introduce a solution for the BDD variables reordering, and
thus, for the reversible circuit synthesis, with low Quantum
Cost (QC).

III. PRELIMINARIES

The following provides a brief description for the basic
terminology behind a reversible circuit synthesis in addition
to a formulation for its cost metrics.

A. Reversible Logic Terminology

An n x n reversible gate g realizes a reversible function
f : B®™ — B™ such that B € {0,1}, where the mapping
applied by f is bijective for every n-bit input vector into n-bit
output vector. A reversible circuit G = (go, g1, ,gm—1) 18
a cascade of reversible gates that realizes a reversible function.
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Fig. 2. Toffoli gate: block and schematic representations where A and B
represent the control lines and C' represents the target line and & represents
the XOR operation.

X1 X,]
X2 x’z
X3 Xg
Toffoli Gate Quantum Circuit

Fig. 3. The quantum circuit for a 3 x 3 Toffloli gate. The QC equals to 5.

The development of reversible gates and circuits started
after Toffoli proposed reversible logic gates in 1977 [20]. In a
reversible logic gate there is always a unique input associated
with a unique output and vice versa. Several reversible gates
have been proposed over the last decades including: NOT,
Feynman, Fredkin, Peres, and Clifford gates [21].

A Toffoli gate consists of a target line and a number of
control lines (as illustrated in Figure.2). If all signals on all
control lines equal to 1, the target line signal will be inverted.
Otherwise, it remains the same [1].

B. Reversible Logic Cost Metrics

The Quantum Cost (QC) of a reversible gate is defined
as the number of elementary quantum operations needed to
realize that reversible gate. For a Toffoli gate g with C
positive control lines, the QC is formulated in eq.(1) [22].
Fig.3 illustrates the quantum circuit realization for a 3 x 3
Toffloli gate. Notice that the QC equals to 5. The QC for
a reversible circuit is the summation for the QC for each
reversible gate it consists of [1]

QC(g) =2 -3 ()

C. Binary Decision Diagram (BDD) Terminology

A Binary Decision Diagram (BDD) is a compact data
structure to represent a Boolean function with less memory
requirements than a truth table. BDD is a directed acyclic
graph G(V, E) where a node v € V is either a terminal or
non-terminal node. A terminal node has a value of 0 or 1
and has no outgoing edges. A non-terminal node is labeled by
one of the input variables of the Boolean function, wherein,
Shannon decomposition is applied following eq. (2), where
x; represents one of the input variables, &; represents the
complement of x;, f represents the Boolean function to be
represented by the BDD, and f,, represents the function f
when z; = 1.

As an example, Fig.4 illustrates the BDD for the Boolean
function f = x1®x5-x3, where @ denotes the XOR operation.

Fig. 4. BDD representation of the boolean function f = z1 & x2 - z3 [1].

The size of a BDD is the number of the non-terminal
nodes it contains. For example, the size of the BDD shown
in Fig.4 equals 5. Some reduction rules can be applied on
the BDD to reduce its size without affecting its reliability in
representing the required Boolean function. Such rules include:
shared nodes, complemented edges, and nodes reordering.

The order in which the variables of the Boolean function are
placed in the BDD affects the overall BDD size. For example,
consider the function f =1 -xo+ 23 T4+ -+ Tp_1 - Tp,
Fig.5-a illustrates a BDD representing function f with a size
complexity of O(n). On the other hand, Figure.5-b illustrates
another BDD for the same function f with another order,
which turns out into a size complexity of O(2™) [23].

Fig. 5. BDD representation of the boolean function f = x1 - zo + 3 -
x4+ -+ xp_1.2, With two different node orders: (a) BDD order with size
complexity of O(n). (b) BDD order with size complexity of O(2™) [23]

D. Reversible Circuit Synthesis Problem Formulation

Given a Boolean function f, the objective is to find a
reversible circuit G that realizes the function f with low
QC and within an acceptable synthesis time. This problem
is formulated in eq.(3) where the objective is to find the
circuit G that synthesizes the input Boolean function f(X)
where X = z1, 29, , Xy, such that the quantum cost of the
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synthesized circuit QC(G) is minimized and within synthesis
time 7 that is less than a predefined upper bound 7.

minierze QC(G)

subject to
G realizes f(X)

T<Ty

3)

In BDD-based synthesis, each BDD node is substituted into
a cascade of Toffoli gates to realize the required function.
Thus, it is expected that the QC of the synthesized circuit
increases with the BDD size based on this one-to-one mapping
between each BDD node and a cascade of Toffoli gates.

To show the relation between BDD size and QC, we have
recorded the QC versus the BDD size for several benchmarks.
Fig.6 illustrates the obtained plot which shows that the QC can
be linearly correlated with the BDD size with a correlation co-
efficient of 0.985. Therefore, BDD size is a suitable evaluation
function for reversible circuit synthesis optimization problem.

9000
8000
7000 M.
6000
5000
4000

3000

Quantum Cost (QC)

2000

1000

o

760 780 800 820 840 860 880 900 920 940 960

BDD Size

Fig. 6. BDD size versus QC with roughly linear relation for different
benchmarks. All results were obtained using Revkit simulator [24].

Hence, the problem of reversible circuit synthesis is refor-
mulated as follows: Given an input Boolean function f(X),
the objective is to find the order of the input variables 7(X)
in its BDD that results in the least BDD size as a result of
applying BDD reduction rules. This problem is formulated
in eq.(4) where 7 represents the order (permutation) of input
variables in the BDD and (m) represents the BDD size
corresponding with that order after applying reduction rules.
Notice that the BDD size should not exceed a maximum size of
a|X| where | X| represents the number of input variables and
« is a predefined constant. For example, the BDD shown in

Fig.5-a is represented by n(X) = (z1, z2,23,...,%,) Where
b(r) =n.
minimize ¥ (m(X
imize v((X)
subject to 4)
Y(m(X)) < ax*[X|
T < Ty

|Input: A boolean function f |

T
Y
Construct BDD |

v

BDD Reordering Swarm

Initialization
Phase |

Optimization

Phase Optimizer
Mapping Map BDD nodes into Toffoli Gates
Phase

v

Output: A reversible circuit
that realizes the function f

Fig. 7. BDD-based Reversible Circuit Synthesis Algorithm.

IV. PROPOSED SWARM-BASED BDD REORDERING
ALGORITHM

The algorithm published in [17] has proposed a mapping of
each BDD node into a cascade of Toffoli gates to synthesize a
given Boolean function. This mapping depends on the location
of each node and its neighboring nodes in the graph.

A. Reversible Logic Synthesis Algorithm

Fig.7 illustrates the general flowchart of the synthesis algo-
rithm for reversible circuits. It consists of the following phases:

1) Initialization phase: For the input Boolean function, initial
BDD is constructed following Shanon decomposition.

2) Optimization phase: This phase is the core of our work.
The swarm-based optimization iteratively reorders the
BDD followed by applying reduction rules. This part will
be described subsequently.

3) Mapping phase: This phase applies the algorithm pub-
lished in [17] on the BDD generated from the optimiza-
tion phase. Each BDD node is substituted by a cascade
of Toffoli gates depending on its successor nodes. The
mapping table published in [17] is exploited here.

B. Proposed Swarm-based Optimization Engine

Fig.8 illustrates our proposed BDD size optimization en-
gine. It takes an input BDD which undergoes the following
phases:

1) Generation phase: It generates a vector V' of real numbers
within the interval [a, 8]. This vector is initially generated
randomly.

2) Discretization phase: It makes mapping between the
generated vector V' of real numbers and the positions
of those numbers in their ascending order to generate the
order m of the BDD variables. That is, f : V' — 7 where
f represents the mapping function.

3) Reduction phase: BDD reduction rules are applied here.
This includes shared nodes and complemented edges.

4) Evaluation phase: The resultant BDD after reduction is
evaluated in terms of its size. This size represents the
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Fig. 8. BDD Size Swarm-based Optimization Engine.

cost of the vector V. If the stop conditions are satisfied,
the reduced BDD is outputted. Otherwise, the cost of the
vector drives the used swarm optimization algorithm to
generate the next vector of real numbers.

C. Recent Swarm Optimization Algorithms

One interesting variation on swarm algorithms is Cuckoo
Search (CS). This algorithm mimics the breeding behavior
of Cuckoo bird. This algorithm randomly chooses nests to
use and worst nests as evaluated by objective function are
removed from the population. The algorithm uses levys walk
to explore the search space alongside with local walks to
explore potential solutions [25].

Firefly Algorithm (FFA) is similar to particle swarm
algorithm. It assumes that fireflies are attracted to the other
flies that are brighter. The brightness is proportional to the
objective function. The distance between fireflies also affects
the brightness. The brightness of one individual as seen by
others drops exponentially as a function of distance [26].

Grey Wolf Optimization (GWO) is a promising swarm
based algorithm. Grey wolfs exhibit complicated social and
hunting behaviors. The algorithm simulates this behavior
by choosing the best three individuals to act as leaders and
the rest as followers (known as omegas). Therefore, omegas
move towards the center point of the best three solutions. The
exploitation part of the algorithm is generated by divergence
of leaders to simulate the search for prays [27].

Moth-Flame Optimization (MFO) is inspired by the
deadly spiral movement of moths around flames. The
best solution found so far is considered as the flame
whereas all other solutions are considered as moths. To
update the location of moths the algorithm uses spiral
movement [28]. Other interesting swarm algorithms include

convergence curves of function 410184

Fig. 9. Convergence Curves for function 0410184 where the X-axis represents
iteration# and Y-axis represents the BDD size.

Bat Algorithm (BAT), Salp Swarm Algorithm (SSA), Whale
optimization algorithm (WOA), and Multiverse Optimization
(MVO) [29] [30] [31] [32].

V. EXPERIMENTAL TESTS

To evaluate our proposed algorithm, we compared several
swarm algorithms using five benchmarks of different sizes and
complexities. The experiment was performed using python
implementation of optimization techniques. We also used
python binding to CUDD library that is written in C. CUDD
was used to build BDDs. We repeated the same experiments
ten times. The following pairs of values represent the average
results of the ten repetitions at the end of iterations (Urf3, 10),
(Hwbb6, 6), (41084, 14), (Ham15, 15) and (Apex4, 19) where
each pair represents a function name and its corresponding
number of variables. The maximum number of iterations is
3 times the number of variables of the synthesized function.
Population size (swarm size) was fixed to 20 for all functions.

Table I
ALGORITHMS PERFORMANCE IN TERMS OF AVERAGE BDD SI1ZE
Algorithm urf3 hwb6 | 410184 | haml5 | apex4 | sum
MFO 178.1 26 36 23 47.7 310.8
SSA 1783 | 26 36.4 23 47.7 311.4
WOA 179.1 26.2 36 23 49.1 3134
PSO 178.6 | 26.3 384 23 48.3 314.6
CS 1783 | 26 459 23 48.5 321.7
GWO 1783 | 26.3 455 23 48.9 322
MVO 179.3 | 26.2 47.3 23 48.4 324.2
FFA 178.8 | 26.3 50.1 23 50.3 328.5
GA 179.6 | 26.2 49.7 23 50.8 329.3
BAT 181.1 26.4 61.2 23 51.8 343.5
CUDD sifting | 200 28 36 23 52 339
no reordering | 21158 | 571 5250 17283 12527 | 56789

As shown in Table I and Fig.9, it is obvious that MFO,
SSA, WOA and PSO exhibited similar convergence speed. The
differences between the four algorithms are minor. They all
converge to almost the same solution, although MFO is the
fastest and gives the best solution. MFO and WOA include
explicit spiral movement while MFO, SSA and WOA include
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adaptive parameters that are inspired by SA. The parameters
control exploration and exploitation throughout the course of
search process. The achieved reduction by using MFO over
the classical CUDD sifting algorithm and is about 8.3%.

VI. CONCLUSION AND FUTURE WORKS

In this work we presented swarm based framework to
optimize BDD size in order to minimize quantum cost for
reversible circuits. We have compared ten algorithms to be
used in the framework. The algorithms are PSO, GA, CS,
MFO, SSA, WOA, GWA, FFA, BAT, MVO. Experimental
results have shown that MFO, SSA, WOA and PSO are
potential algorithms to solve this particular problem. MFO
showed the best performance and fastest convergence behavior.

Although smaller BDD size often results into less quantum
cost, this might not be always the case. Therefore, one of
the possible future works is to include the mapping phase
of the synthesis algorithm into the optimization per se with
setting minimizing the number of control lines as the objective
function.
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